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f 6#728�8�9;:(<*=*>@? f(n) = Θ(n log n) ACB%?(D2?FEHGI:(8�?�GKJL?�M�D2N�8�=
f(5) = 5 OPB%?(D2?FEHGI:(8�?�GQJL?�MRD2N�8�= f(n) = n SUT <!V?(<XW2>@Y SZ?�GI?FE@:(<�O 3 9\[;]_^�G 5 N�`;^aE
T <!VN�`;N�] bdc2`fe
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f 6#728�8�9�:(<-=*>@? f(n) = O(n log n) Alk�] m;6#N�>HVc2] D!^\E@<!^;`nJL?�^ 5

^;]o[;p2p2Th?�GI?FE@?(`2O
• f(n) = n M2D!^ n ≤ 100
• f(n) = n2 M2D!^ n ≤ 100
• f(n) = n SUT <!V?(<qW![;>@N-G n ?�GI?FE@:(<
• f(n) = n2 SUT <!V?(<qW![;>@N-G n ?�GI?FE@:(<

3 9\[;]o^�G 5 N�`\^\ErT <!VN�`;N�] bdc2`fe
���os%��.�'*)�021�0�t3 V\bdc2<2`�SU?(8UN�]o=�^;<�6#728�8�9;:(<*=-E�M2^;SU?(] =*>@? f(2n) = O(f(n)) A
��� u��X.�'*)�021�0�wv ^\EH[;>@N 5(5 c2`xSU?(8x^ 5 ^;]_[;pp2T (f, g) 6#728�8�9�:(<-=*W![;>@N�`*p!^\<4G 5 ?(>@?(W2] m

6#728�8�9;:(<*=�?(`*>@?jSUT ] =;?(<y>@?(]o[�zFT {�`�Y >@D!^\E@{-^;`|6#?(]}^ f = Θ(g) M f = o(g) M f = O(g) M
f = ω(g) M f = Ω(g) >@?(]o[�zFT {�`K`�~ 5 72]�e
• (2n, 22n) M
• (n log10 n, n lnn) M
• (2n, n!) M
• (nn, n!) M
• (
√
n7, n3) A

���_�h��.�'*)�021�0� B%?(8�=�?(<2?(` f(n) :�G g(n) N�] =-^;<|W�N 5 T E@Y 9l6#728�8�9�:(<*=;?(`fM�^;SU?(] =�?(`*>@?
f(n) = Θ(g(n)) E@?(] bd?�GI72]�A�B%?(8�=�?(< h(n) = f(2n) :�G p(n) = g(2n) A
• �d8-^ 5 JL?�MD2N�8�= h(n) = Θ(p(n)) O
• �d8-^ 5 JL?�M�D2N�8�= h(n) = O(f(n)) OP�xT EUSUN�<!VD!^\E@c2<2`�^;p2p!^;<X^ 5 ?�GI?FE@p�?(<%M�D!^
f(n) SUN�<2N;E@N�<qz(GI~�`*`;?(<�O
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• �d8-^ 5 JL?�M�D2N�8�= h(n) = Ω(f(n)) O �xT E SUN�<!VD!^\E@c2<2`fM�D!^ f(n) SUN�<2N;E@N�<|<2~;J
9�?(`G 5 T `2O
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100) = O(f(n)) [;] ] Y EH[�GHO
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g(n) = Θ(n) :(G h(n) = Θ(n) E@?(] bd?�GI72]�A��x?(] =j[;] ] Y EH[�GIN�`KT 8-^ 5 ^;`w^ 5 ^;]o[;p2p2To^;`K`�~ 5 72]_O
• �d8-^ 5 JL?�MD2N�8�= (g(n) + h(n)) = Θ(n) O
• �d8-^ 5 JL?�MD2N�8�= (|g(n)− h(n)|+ 1) = Θ(n) O
• �d8-^ 5 JL?�MD2N�8�= (|g(n)− h(n)|+ 1) = O(n) O
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T (n) = 2T (

√
n) + 1 >@?(`*c2> 5 T {\9\^;]�SU?(8-^�VN;EIEK6#728�8�9�:(<-=>@? T (n) = O(log n) A 3	5
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gh�_�h� .�'*)�021�0��3 >@?(`*c2> 5 T {-GR6�^tSU{2VG 5 ?(>@:(9�?(]!T 8-^ 5 N�] bdc2`fM�D2N�8�=U^ T (n) = T (αn)+
T ((1 − α)n) + n >@?(`*c2> 5 T {a9;^\]	SU?(8-^�VN;EIE�6#728�8�9;:(<*=*>@? T (n) = O(n log1/α n) M	D!^
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• P (n) = 8P (n/2) + n2

• Q(n) = 4Q(n/2) + n2

• R(n) = 2R(n/2) + n2
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gh���h�w.�'*)�021�0� 3 V\bdc2<2`qW�:(]oV2[\E}E@?FEHG 5 m�] ?(8�?�G a ≥ 1 :�G b > 1 `;N�<!G�EH^;<!GIN�`�SU?(] ] ?FEIE
N�] =�^;< T (n) = aT (n/b) + f(n) >@?(`*c2> 5 Y 9K?(8�=�?(<]o? EH>@?;M2^;D2N�]%^ SU?�G�E@?(>rE@:FE@?(] p�?(<l^�V*N;E@E
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s%��� '�-&( ������R)�'� 	\ �������0���� ���)�0 � �� "f 	\)���� !"
s%����� .�'*)�021�0� 3 <2<!^Q8�N�<!VN�] E ?(8�= G 5 [;SUN;E 1 :�G 2n−1 `�~ 5 ~;EIE�M�:�G	� ?�[;<!^;` `*T!`�?(] ]
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p�?(< <2?(S EH^;]o[;] E�MaSU?(8;E@c!V\b�^2M;D2N�8�=�^	8�N�<!VN�] ERG 5 [;S <!^;8�=�N�p2pQ9;^;8�= `*ToGI?(p2p ^�E@ToWW2bd:(<2:(]�A
� ?�^�^w`;~\9�?FE@`�? 5 mw?(] b�[;>H[�G�E}D!^�G 5 <![;] b�^�
 a :�G f `�N�>@]o[\E@N�`�Mf^w8�N�<!VN�] E�G 5 [;S SUT <!VT 8j^ 5
(a, f) T <-E@?(>@9\^;] ] c2S p!^;<j] ?�G 5 M g Wf?�VT 8K^ E@T W2W���� ? 5 V?FE@pf?(< a = 0 M f = 2n ^ E@T W2WqW�?�VT 8 g = 2n−1 A���EH[;<!^K^;SUY 8U<2?(S EH^;]o[;] E��
• v ^K^ 8�N�<!VN�] E	G 5 [;S <!^;8�=;N�p2p%M2^;`*`;N�>
a := g M f := f M g := (a+ f)/2

• v ^K^ 8�N�<!VN�] E	G 5 [;S `*ToGI?(p2p%M2^;`*`�N�>
a := a M f := g M g := (a+ f)/2

v ^\EH[;>@N 5(5 c2`4SU?(84^ 5 ^;] 8�N�>@T E@Stc!G [;] EH^;] 6#?(] E@?FEIEU`�:(>HV:�GI?(`|G 5 [;SK[;<!^;`|^l<!^;8�=G@[;8\J
>@?(<!V\bd:FE}^ Θ bd?(] ~�] :�G�GI?(8�Y EHGI:(8�:(9�?(]h^ ] ?(8abdN�p2p%M2^U] ?(8�>@N-G@G 5 ^;p2p�:�G�^ 5 [\E@]o^;8�N-G ?�GI?FE@p�?(<%e

s%�_gh� .�'*)�021�0� k�8�=XW2>@N;6#?�G@G 5 N�> ?(] 6#?(] ?IbLE@T�M D2N�8�=X^ 5 ?(8�=�?FE@?(S W!^;>@`;N�] {�b�[;p!^\<XD2N�]
D!^;8�=-EH^n^n`�Nz(GIT E�A 3 W!^;>@`;N�] {�p!^;< n `�Nz(GIT D2?(] =�9\^;<%M�?(8�=XGIN�>@p!^;< D2?F]o=;? 5 `�?�V<2?(`�?(]�M
^ 5 ?(8�=;?FE@?(S `*T b�[;>H^\EH^|^ 5 ?(]oGIm�D2?(] =*<2:(]	D2?(] =�? 5 `�?�VT `X?(]�A 3 W2>@N;6#?�G@G 5 N�>U<2?(S ToGISU?(>@T
6#?(] ^xG@^;b�[\EQ`�N2zFGIT bd[\EaM�z(G@^;`4^;SUT `;N�>QSK[�GIN2V\bd[;>H^q^;]o^;W�N-G@^;<nSU?(8�<2: 5 T�A 3 W2>@N;6#?�G@G 5 N�>Q^
`;~\9�?FE@`;? 5 m�G�E@>H^\E@:(8�To[\EhD!^�G 5 <![;] b�^��h`;? 5 V?FE@pf?(<�?(] SU?(8�= ^rW!^;>@`�N�] { SK[�GIT ` G 5 :(] :(T 8�SUT <!V*?(<
W!^;>@`;N�] {�D2?(] =*>@?�pf?(<2: 5 Mr<2?(S/EH^;]o[;] b�^nSU?(8X^ 5 ^;cE@{;E�M ? 5 :(>IE �;bL>H^|SU?(8�<2: 5 T	^ 5 cE@N�]oGI{
D2?(] =;?FE�MfSK^\b�Vx9*ToG@G 5 ^;SU?(8�=j^KW!^;>@`;N�] {K?(] ?Ibd:(T 8w:�G	Y 8�=j9*T 5 GI8-[;] b�^K[\E�^ 5 ?F8�:�G 5 W!^;>@`�N�] {;E�Av [;<-=G 5 N�>�<2: 5 SU?(8t^�W2>@N;6#?�G@G 5 N�>�`;N2z(GIT D2?F]o=;?FE ^�] ?(8abdN�p2p%M-^�]o?F8�>@N-G@G 5 ^;p2p :�G�^ 5 [\E@]o^;8�N-G
?�GI?FE@p�?(<�O

s%�os%� .�'*)�021�0�w3 VN;EIEtWfN 5 T E@Y 9nG 5 [;SUN�`l?(8�=nGIN�>@N 5 ^\EH^ c1, . . . , cn A 3 SK^��T SK[;] ToG
?(] ?(SU?FE ^;`\^;>�bdc2`fM�^x`;~\9�?FE@`�? 5 mx?(8�=G 5 ?(>��4?(] b�[;>H[�G@G@^;]�SU?(8;EH^;]o[;] <2T�A 3	5 ?(] b�[;>H[�G�?(8�= M

#`;? 5 V?FE@pf?(< 0 ��:(>IE@:(`�?FE�D!^�G 5 <![;]�M\9�:(8�T 8�SU?(8�=t^ G 5 [;SUN�`�N�<%M\SUT <!VT 8�~-G@G 5 ?(D!^�GIN�<2] Y E�b�^ ^ 5
M :(>IE@:(`�?FE ^ 5 ^;`-E@c![;] ToG�G 5 [;SUSK^;]�M;:�G�D!^�<!^;8�=;N�p2pUG 5 [;SUN;EREH^;]o[;] E�6#?(] 72] Y >�b�^ M :(>IE@:(`;:FE�Av [;<-=X~-G@G 5 ?(D!^�GIN�<2] Y EH[�G�E 9�:(8�? 5 ^ 5 ?(] b�[;>H[�GU^4] ?(8abdN�p2p%M ^4] ?(8�>@N-G@G 5 ^\p2p :�GU^ 5 [\E@]o^;8�N-G
?�GI?FE@p�?(<�O

s%� u��4.�'*)�021�0�K3 VN;EIEt^ 5 1, 2, . . . , n G 5 [;SUN�`*<!^;`q?(8�= (c1 . . . cn) Wf?(>@StcEH[�zFT {�b�^2M
^tW�?(>@S cEH[�zFT {�p!^;<�^ 5 1 G 5 [;SUN;E `�?(>@?�G@GI72`fA 3	5 ?(] b�[;>H[�G GIN�>@p!^;<w~-G@G 5 ?(D!^�GIN;<2] Y E�b�^ ^ G 5 [\J
SUN�`\^\E}^ 5 1 :(>IE@:(`*`;?(]�M!^;SUY 8K^ 5 1 G 5 [;SUN;E�SU?(8K<2?(S EH^;]o[;] b�^2A v [;<-=�~-G@G 5 ?(D!^�GIN�<2] Y EH[�G�E
9;:(8�? 5 ^ 5 ?(] b�[;>H[�Gr^U] ?(8abdN�p2p%M2^ ] ?(8�>@N-G@G 5 ^\p2p�:�G	^ 5 [\E@]o^;8�N-G ?�GI?FE@p�?(<�O

s%�_�h�q.�')�01R0*� k�8�=xD2N-G@G 5 �lN�>HG 5 [;8 �E@N�<x<np�?(< 5 T <2`��E�D2?(] =�? 5 `;?�VT `q?(]�M%^ 5 iJL?�VT `
`��E�^ 2i JL?�GR`*T ] N�SU:FE@?(>@`�m�<2:(]�A � ?F>@?�G@GI72`Q?(8�=tp�?(< 5 T <2`*cEH^�GRp!^;>H[\E@c2<2`fM;^;`*T >@m�]*<2?(S E@c!V*J
bdc2` SU?(] =*T ` `��E@<![;]!VN�] 8�N 5 T `fA 3 0 `*T ] N�SU:FE@?(>@`�m�<2:(]T <!Vc2] c2<2`U:�G�?(8�=�?(<2?�GI?(<USU?(8�=*72<`
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9;:(8�T 8 ^ 5 N�>HG 5 [;8 �E@N�<KSUT <!V?(<jp�?(< 5 T <2`��E@<![;]fSU?(8-[;] ] 9;^2A v [;<-=K`*T ] N�SU:FE@?(>rcEH[;<wEH^;]o[;] J
bdc2`USU?(8 ^tp!^;>H[\E@c2<2` ^t] ?(8abdN�p2p%M*^Q] ?(8�>@N-G@G 5 ^;p2pU:�G ^ 5 [\E@]o^;8�N-G�?�GI?FE@pf?(<�Oq�xTf^Q9;[;]o^�G 5 M
D!^j^ 2n JL?�G `*T ] N�SU:FE@?(>@`�m�<2:(]�T <!Vc2] c2<2`2O �xT <!V`�:FEQ?�GI?FE@p�?(<nD!^�GIN�<2] Y EHGIc2`x~-G@G 5 ? ^�] ?(8;J
>@N-G@G 5 ^;p2p�:(G	^ 5 [\E@]o^;8�N-G ?�GI?FE�<!^;8�=G@[;8�>I?(<!V\bd:FE�e

s%���%�t.�'*)�021�0� k�8�= 2n `*T ] N�SU:FE@?(>	DN-G@G 5 �qN�>HG 5 [;8 �E@N;<j<qpf?(< 5 T <2`��E	D2?(] =�? 5 `�?�VT `
?(]�M�^ 5 iJL?�VT `|`��EK^ 2i JL?�Gt`*T ] N�SU:FE@?(>@`�m�<2:(]�A � ?(>@?�G@GI72`n?(8�=|p�?(< 5 T <2`*cEH^�G p!^;>H[\E@c2<2`fM
^;`*T >@m�]r<2?(S/E@c!V\bdc2` SU?(] =*T ` `��E@<![;]	VN�] 8�N 5 T `fA 3 2n−1 `*T ] N�SU:FE@?(>@`;m�<2:(]rT <!Vc2] c2<2`fM
?(] m-G 5 ~�> p!^;] >H^ ^ ] ?(8-G 5 :(]oGIm 
 � `*T ] N�SU:FE@?(>@<2:(] ��]o?F9�mU`��E@T 8!MSK^\b�VjD!^ <2?(S EH^;]o[;] E@c2`KSU?(8
9*ToG@G 5 ^;SU?(8�=*72<2`xbdN�p2p2>H^�^ 5 nJL?�VT ` `��E@T 8!A v [;<*= `*T ] N�SU:FE@?(>wcEH[;< EH^;]o[;] bdc2` SU?(8X^
p!^;>H[\E@c2<2`n^x] ?(8abdN�p2p%MR^q] ?(8�>@N-G@G 5 ^;p2p4:�Gt^ 5 [\E@]o^;8�N-G�?�GI?FE@p�?(<�O v ^�GIN�<2] Y EHGIc2`n~-G@G 5 ?K^
] ?(8�>@N-G@G 5 ^;p2p�:�G�^ 5 [\E@]o^;8�N-G ?�GI?FE	<2^;8�=2G@[;8;>@?(<2V\bd:FE�e

s%���h�t.�'*)�021�0� k�8�= 2n `*T ] N�SU:FE@?(>	DN-G@G 5 �qN�>HG 5 [;8 �E@N;<j<qpf?(< 5 T <2`��E	D2?(] =�? 5 `�?�VT `
?(]�M�^ 5 iJL?�VT `|`��EK^ 2i JL?�Gt`*T ] N�SU:FE@?(>@`�m�<2:(]�A � ?(>@?�G@GI72`n?(8�=|p�?(< 5 T <2`*cEH^�G p!^;>H[\E@c2<2`fM
^;`*T >@m�]r<2?(S/E@c!V\bdc2` SU?(] =*T ` `��E@<![;]	VN�] 8�N 5 T `fA 3 2n−1 `*T ] N�SU:FE@?(>@`;m�<2:(]rT <!Vc2] c2<2`fM
?(] m-G 5 ~�>bdN�p2p2>H^�^�] ?(8-G 5 :(]oGIm 
 2n `*T ] N�SU:FE@?(>@<2:(];] ?(9�m �f`��E@T 8!M�SK^;b�V�D!^�<2?(SiEH^;]o[;] E@c2`}SU?(8
9*ToG@G 5 ^;SU?(8�=*72<2`	p!^;] >H^r^ 5 ?(]oGIm 
 � JL?�Gh`*T ] N�SU:FE@?(>��f`��E@T 8!A v [;<*= `*T ] N�SU:FE@?(>hcEH[;<�EH^;]o[;] bdc2`
SU?(8}^rp!^;>H[\E@c2<2` ^�] ?(8abdN�p2p%M\^�] ?(8�>@N-G@G 5 ^\p2p�:(G�^ 5 [\E@]o^;8�N-Gf?�GI?FE@pf?(<�O v ^�GIN�<2] Y EHGIc2`}~-G@G 5 ?
^ ] ?(8�>@N-G@G 5 ^\p2p�:�G�^ 5 [\E@]_^;8�N-G ?�GI?FE	<!^;8�=G@[;8;>@?(<!V\bd:FE�e
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u������	.�'*)�021�0��� ?(] ~�] bd? P (n) ^ 5 ER^	G 5 [;SUN;E�Ma^;D![;<*=-6#:(] ?(`�:(W2W�?(<QSU?(D2?FE@72<2` 6#?(]-?(8�= n

] :(Wfz(GIm;6#N�`*p�{�]2[;] ] {�] :(Wfz(GIm�<%M;D!^�?(8�=G 5 ?(>@>@? z(G@^;` 1 9\^;8�= 2 ] :(Wfz(GIm;6#N�`�N;ER] :(W2D2?FE@72<2`fe 3 V*J
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� �%�_�h��.�'*)�021�0�w3 VN;EIEt`;:FE n D2N-G@G 5 �n>@?(<!V? 5 ?FEIE�E@~�S p%M�D!^\EH[;>@N 5(5 c2`qSU?(8x^j`�:FE

GIN�>@N 5 ^aE 2n ?(] ?(SU:(<2?(`�SU?�VTo[;<;b�[\E�?(8�= O(lg n) ToV?Ib �x^;] 8�N�>@T E@S c!G@G@^;]�e
� �%���%�}.�'*)�021�0�	3 VN;EIE n V2^;>H^;p x1, . . . , xn G 5 [;S :�G�? 5 ?(`*D2? 5 w1, . . . , wn W�N 5 T E@Y 9

G �2] =;N�`fM �28�=�M�D2N�8�= ∑n
i=1 wi = 1 A 3 G �2] =�N 5 N;EIE SU?�VTo[;< ^ 5 ^ 5 xk ?(] ?(SqM�^;SU?(] =*>@?

E@?(] bd?�GI72] ∑xi<xk
wi < 1/2 :�G ∑xi>xk

wi ≤ 1/2 A
^ �r�xT `;:(<-E	`\^;W2D!^\E�bdc2`�SU?(8K^ SU?�VTo[;<-E}G �2] =;N 5 N;EIE�SU?�VTo[;<2`�:(<�E O
p� 3 V\bdc<2` ?(8�=�] T <2?�[;>@ToGU^;] 8�N�>@T E@S c!G�E�M ^;SU?(] =X`*ToG 5 [;SUN�] b�^n?(8�=�>@?(<!V? 5 ?FEIEUE@~�S p

G �2] =;N 5 N;EIE%SU?�VTo[;<;b�[\E�A��xT `�:(<�E�^�V{2VT `	?(p2p�m�] O(n lg n) ] ?(8�>@N-G@G 5 ^;p2p}ToV?Ib � ^;] 8�N�>@T E@Stc!G
^ W2>@N�p2] :(SK^ SU?(8�N�]oV2[�G@[;>H^�O
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������������������ !���#"%$���&('*)�+�)�,*��'-"
��������.�'*)�021�0� B%?(D2?FEHGI:(8�?�G f(5) = 5 M�D2ToG 5 ?(<lD!^ f(n) = n log n SUT <!V?(< n ≥ 6

?�GI?FE@:(<%M�^ V?$#!<2YozFT { E@?(] bd?�GI72]2^ 5 n0 = 6 c1 = c2 = 1 :(>IE@:(`�?(`*`�?(]�A�k�] ] ?(<-pf?(< E@?FEHG 5 m�] ?(8�?�G
c1 `�N�<!G�EH^;<!GI>H^ n < c1n log n M\D!^ n N�] =-^;<tW2>@Y SqM\^;SU?(] =*>@? log n > 1/c1 M\Y 8�= f(n) = n
SUT <!V?(<qW2>@Y SU>@?�<2?(S ] ?(D2?FEHGI:(8�?�G(A

���_g .�'*)�021�0� B%?(D2?FEHGI:(8�?�G f(n) = n :�G f(n) = n2 ToG ^ 5 n ≤ 100 :F>IEH:F`�?(`*>@?�M
D2ToG 5 ?(<KD!^ f(n) = n log n SUT <!V?(< n ≥ 101 ?�GI?FE@:(<%M*^ V? #!<2YozFT {tE@?(] bd?�GI72]h^ 5 n0 = 101
c1 = 1 :(>IE@:(`�?(`*`;?(]�A 3	5 f(n) = n 6#?(] E@:FE@?(] SUT <!V?(<�W![;>@N-G n ?�GI?FE@:(<|ToGQE@?(] bd?�GI72] D2?FE�M
D2ToG 5 ?(< n = O(n log n) A�k�] ] ?(<*p�?(<lE@?FEHG 5 m�] ?(8�?�G c `;N�<!G�EH^;<!GI>H^ n2 > c · n log n MhD!^ n
N�] =�^;<KW![;>@N-G�G 5 [;SqM-^;SU?(] =*>@? n > c log n M*Y 8�= f(n) = n2 SUT <!V?(<wW![;>@N-G�G 5 [;SU>H^�<2?(S
] ?(D2?FEHGI:(8�?�G(A

���os%� .�'*)�021�0� B%?(8�=;?(< f(n) = n Mr?(`*`�N�> f(2n) = 2f(n) SUT <!V?(< n JL>@?�M Y 8�=
f(2n) = O(f(n)) A

��� u���.�'*)�021�0�

• 22n/2n = 2n → ∞ M	Y 8�= 2n = o(22n) M	`�~\9;?FE@`�? 5 :�GI`�:(W2W 2n = O(22n) ToG
E@?(] bd?�GI72]�A

• n log10 n/n lnn = log10 e MtY 8�= n log10 n = Θ(n lnn) MQ`�~\9;?FE@`�? 5 :�GI`�:(W2W�?(<
n log10 n = O(n lnn) M n log10 n = Ω(n lnn) G 5 T <-E@:(<jE@?(] bd?�GI72]�A

• k�8�=*>@:�G 5 E 2n = 4n/2 Aq�l[�GI>@:�G 5 E�M%D!^ n > 4 ^;`*`�N�> n! > 4n−3 M�Y 8�= 2n/n! <
43−n/2

3 6#?(]oGImx`�N�>@]o[\E 0JLD2N 5 EH^;>IEtY 8�=4^q9*T 5 GI8-[;] EQD![;<*=�^�VN-G�ToG(A � ~\9;?FE@`�? 5 :�G�J
`�:(W2W�?(< 2n = o(n!) MY 8�= 2n = O(n!) ToG E@?(] bd?�GI72]�A

• �xT 9�?(] nn/n! ≥ 2n/2 M�? 5 :(>IE nn/n! ≥ 2n/2 EH^;>IEU^l9�:(8;E@?(] ?(<*p�?�M�D!^ n EH^;>IEU^
9�:(8;E@?(] ?(<*p�?�MY 8�= nn = ω(n!) M`�~\9�? EH`;? 5 :�GI`�:(W2W nn = Ω(n!) ToG E@?(] bd?�GI72]�A

• �xT 9�?(] √n7/n3 = √n Mf^;SU?(] =�6#728�8�9�:(<*=�EH^;>IE ^w9;:(8;E@?(] ?(<*p�?�M�D!^ n EH^;>IE�^K9�:(8;J
E@?(] ?(<*p�?�M2Y 8�= √n7 = ω(n3) M2`�~\9;?FE@`�? 5 :�GI`�:(W2W √n7 = Ω(n3) ToGrE@?(] bd?(GI72]�A

���_�h��.�'*)�021�0�
h(n) = Θ(p(n)) E@?(] bd?�GI72]�A B%?(8�=�?(<2?(` c1, c2, n0 N�] =-^;< :(>IE@:(`�?(`fM ^;SU?(] =�?(`*>@?jD!^

n ≥ n0 M�^;`*`�N�> c1g(n) ≤ f(n) ≤ c2g(n) 
#To] =;?(<4:(>IE@:(`�?(` f(n) = Θ(g(n)) ^;]o^;W2b�[;<
9\^;<2<!^;`�� A v ^ n ≥ n0/2 M�^;`*`�N�> c1p(n) = c1g(2n) ≤ f(2n) = h(n) = f(2n) ≤
c2g(2n) = c2p(n) M2Y 8�= h(n) = Θ(p(n)) A

� �



3 SU?(<2<*=*T p�?(< f(n) = 2n M^;`*`;N�> h(n) = 22n M*Y 8�= h(n)/f(n) = 2n →∞ M*`�~a9�?FEIJ
`;? 5 :�GI`�:(W2W h(n) = O(f(n)) <2?(S E@?(] bd?�GI72]�A 3 SU?(<2<*=*T p�?(< f(n) SUN�<2N;E@N�<|z(GI~�`*`;?(<%M
^;`*`;N�>�^ >@?(]o[�zFT { 6#?(<2<![;] ]�M2D2ToG 5 ?(< h(n) = f(2n) ≤ f(n) SUT <!V?(< n ?�GI?FE@:(<%A3 SU?(<2<*=*T p�?(< f(n) = 2−n M}^;`*`�N�> h(n) = 2−2n M	Y 8�= h(n)/f(n) = 2−n →
0 M `;~\9�?FE@`;? 5 :�GI`�:(W2W h(n) = Ω(f(n)) <2?(S E@?(] bd?�GI72]�A 3 SU?(<2<-=*T pf?(< f(n) SUN�<2N;E@N�<
<2~a9�?(`G 5 T `fM-^;`*`;N�>�^Q>@?(]o[�zFT { 6#?(<2<![;] ]�M-D2ToG 5 ?(< h(n) = f(2n) ≥ f(n) SUT <!V?(< n ?�GI?FE@:(<%A

�����%�|.�'*)�021�0� ��?(8�=*72` f(n) = nn 6#78�8�9�:(<*=-E�e k�`*`�N�>Q^ 5 f(n + 100)/f(n) >
n100 D![;<*=-^�VN-G EH^;>IE}^U9�:(8;E@?(] ?(<-pf?�M2Y 8�=w<2?(S ^�VD!^\E@{USU?(8w^ O bd?(] ~�] :�GIpf?(<xG 5 72`GI:(8�?�G
`;N�<!G�EH^;<!G(A 3 6#?(<�E@T*6#728�8�9�:(<*=�SUN�<2N;E@N�< <2~\9;?(`*9�m!MaY 8�=QSUN�<2N;E@N�< <~\9�?(`*9�m�6#728�8�9�:(<*=;?(`-J
>@? <2?(SP6#?(] E@:FE@] ?(<*72]RE@?(] bd?�GI72]�^ 5 f(n + 100) = O(f(n)) [;] ] Y EH[�G(A��l[�GI>@:�G 5 E}SUN�<2N;E@N�<
z(GI~�`*`;?(<2mx6#728�8�9�:(<*=;?(`|?�GI?FE@:(< f(n + 100) ≤ f(n) M�Y 8�= f(n + 100) = O(f(n)) ^
c = 1 `�N�<!G�EH^;<!GrSU?(] ] ?FEIE�A�����h��.�'*)�021�0�

g(n) + h(n) = Θ(n) E@?(] bd?(GI72]�A v ^ n > n0 SU?(] ] ?FEIE c1 · n ≤ g(n) ≤ c2 · n
:�G n > n1 SU?(] ] ?FEIE d1 · n ≤ h(n) ≤ d2 · n M ^;`*`;N�> n > max{n0, n1} SU?(] ] ?FEIE
(c1 + d1) · n ≤ g(n) + h(n) ≤ (c2 + d2) · n A3 SU?(<2<*=*T p�?(< g(n) = h(n) = n Mh^;`*`�N�> |g(n) − h(n)| + 1 = 1 MfY 8�= n/(|g(n) −
h(n)| + 1) = n → ∞ M�`�~a9�?FE@`�? 5 :�GI`;:(W2W |g(n) − h(n)| + 1 = Θ(n) <2?(SZSUT <!V?(<
?�GI?FE@p�?(<jE@?(] bd?�GI72]�Av ^ n > n0 SU?(] ] ?FEIE g(n) ≤ c2 · n :�G n > n1 SU?(] ] ?FEIE h(n) ≤ d2 · n M ^;`*`�N�>
n > max{n0, n1} SU?(] ] ?FEIE |g(n)− h(n)|+ 1 ≤ (max{c2, d2}+ 1) · n M2Y 8�= (|g(n)−
h(n)|+ 1) = O(n) 9;^;] {�p!^;<wE@?(] bd?�GI72]�A

gh����'-"%$
	\�����!" �X'�� �)#1��2��02�
gh����� .�')�01R0*� �d8-^ 5 N�] bdc2`XT <!Vc2`-zFT {\9\^;]�M D2N�8�= ^46#728�8�9;:(<*=*>@? T (n) < cn2 − n

9\^;]o^;SU?(] = c `;N�<!G�EH^;<!GI>H^2A 
 3 −n EH^;8n<2:(] `*72]	^ 5 [;]o] Y EH[�G <2?(S/`;~\9�?FE@`;? 5 T `|?(8�=G 5 ?(>��
T <!Vc2`�zFT {-Gt] :(W�:�G@GI?(]�A � 3 `*ToG n :(>IE@:(`;?(`*>@?w^ 5 [;] ] Y EH[�GQ<-=*T ] 9;[;<*9\^;] {-^;<nE@?(] bd?�GI72]�M�D!^l^ c
:(>IE@:(`;?FE ?(] :(8w<!^;8�=*>H^ 9;[;]o^�G 5 E�bdc2`fA	�xN-G�E	E@?(8�=*72`�6#?(]�MfD2N�8�=j9\^;]o^;SU?(] = nJLT 8KE@?(] bd?�GI72]�^ 5
[;] ] Y EH[�Gr:�GrT 8-^ 5 N�] bdc2`w^ D2?(] =�?FEIE@?�GIY E@mKSU{V2G 5 ?(>@>@?(] n JL>@? ToG(A

T (n) = 9T (n/3) + n ≤ 9(c(n/3)2 − n/3) + n = c · n2 − 2n < c · n2 − n.

gh�_gh�	.�'*)�021�0� � ?F] bL?�G%T <!Vc2`�zFT {\9;^;]\T 8-^ 5 N�] bdc2`fM(D2N�8�= ^ 6#728�8�9�:(<*=*>@? T (n) ≤ cn log n
9\^;]o^;SU?(] = c `�N�<!G�EH^;<!GI>H^A 3 `�? 5 V?FE@Th:(>IE@:(`�?(`*>@?�^ 5 [;] ] Y EH[�Gr<-=T ] 9\[;<*9\^;] {-^;<KE@?(] bd?�GI72]%?(] ?FJ
8�?(<!Vm*?(<y<!^;8�= c 9\[;]o^�G 5 EH[�G@^nSU?(] ] ?FEIE�A �xN-G�EKE@?(8�=*72`X6#?(]�MrD2N�8�= n JLT 8|E@?(] bd?�GI72]�A 3	5
T <!Vc2`�zFT {-Gr] :(Wf:�G

T (n) = 2T (n/2) + n ≤ 2(cn/2 log(n/2)) + n ≤ cn log(n/2) + n ≤ cn log n,

^;D2N�]%^ 5 cE@N�]oGI{U] :(W�:�GIpf?(<j`*T D!^�G 5 <![;] E@c2`fMD2N�8�= log(n/2) + 1/c ≤ log n Agh�os%�j.�'*)�021�0�U3 G 5 [;SUY E [�GIN�`�?(8�=G 5 ?(>��!GIY E@:�GI:(<2?(`�:(>HV?(`�:(p�?(<l<2?(SP6#N�8�]o^;] `�N 5 c2<2`
^w`;?(>@?(`*Y EH:(GI?(`*`�?(]�M�SUT 9�?(]Rz(G@^;`x^w<!^;8�=G@[;8;>@?(<!V?FE ^;`\^;>�bdc2`jSU?(8�D!^\EH[;>@N 5 <2T�M�? 5 ^ 5 ?(8�=-J
G 5 ?(>��!GIY E@:�G SU?(8;E@?(D2?FE@m!AwB%?(8�=�?(< m = log n M�^�6#728�8�9�:(<*=*>@? 6#?(] Y >IEt>@?(`*c2> 5 T {q^q`;~\9�?FEIJ
`;? 5 mn6#N�>@SK[;p!^l`�?(>@72] � T (2m) = 2T (2m/2) + 1 A B%?(8�=�?(< S(m) = T (2m) M�?(>@>@?j^
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6#728�8�9;:(<*=*>@? S(m) = 2S(m/2) + 1 A 3 6#728�8�9�:(<*=*>@?�^ D2?(] =�?FEIE@?�GIY E@mUSU{2V2G 5 ?(>@>@?(]f?(8�=G�J5 ?(>��2?(<nT 8-^ 5 N�] D!^\E@{!M�D2N�8�= S(m) = Θ(m) M�^ cm − 1 ≤ S(m) ≤ dm − 1 ?(8�=;?(<2] m;EIJ
] ?(<!GI:(8�?(`;?FE D!^�G 5 <![;] 9\^K^ 5 T <!Vc2`-z To{-G	] :(W�:�GIpf?(<%A �l[�GI>@:�G 5 E}D!^ S(m) = Θ(m) Mh^;`*`�N�>
T (n) = Θ(log n) A

gh� u��P.�'*)�021�0�l3 `�?(>@?(`*Y E@:�GI?(`-E@m�]�^|G 5 [;SUY EH[�GIN�`|?(8�=G 5 ?(>��!GIY E@:�GI:(<2?(`�:(>HV?(`;:(pf?(<
?(] E@?(`*T <�E@72<2`fM�? 5 <2?(SP9\[;] E@N 5 EH^\E�b�^K^ 6#728�8�9�:(<*=�<!^;8�=G@[;8;>@?(<!V\bd:FE�A 3 >@?(`*c2> 5 T {-G 6�^K?(]oGIm
G 5 T <�E�bd:(< ^ 5 ?(]oGIm�>@?(`*c2> 5 T {-GhD2Y 9;[�GIp�{�]�G 5 [;>@SK^ 5 { n [;] ]�A 3 SK[�GINVT `�G 5 T <-E@?(<Q<2:(8�=G 5 ?(>�[;] ]
n/2 A 3 `�~\9;?FE@`�? 5 m G 5 T <-E@?(<wSUT <!V?(8�=*T ` n/2 ^;]o[t<2:(8�=KV2^;>H^;p n/4 `�?(>@72]�M-Y 8�=U~-G@G 5 ?�GI?(<
16 V2^;>H^;p n/4 ] ?�G 5 A � ?(] bd?�GQT <!V*c2`-zFT {\9\^;]�]o[\E@D!^\E@{!MhD2N�8�=l^ 5 i JL?�VT `nG 5 To<�E@?(< 4i V2^;>H^;p
n/2i [;] ]�A � ?(D![\Et^ 5 iJL?�VT `nG 5 T <�E@?(<|^ 5 ~-G@G 5 ?F8 2in A�� G@G 5 ?�GI?(< log2 n G 5 T <-EQ9\^;<%M%Y 8�=
T (n) =

∑logn
i=0 2

in = Θ(n2) A
gh�_�h� .�'*)�021�0� � ?(] bd?�G T <!Vc2`-z To{a9;^;]!T 8-^ 5 N�] D!^\E@{!M�D2N�8�=K^t`�?F>@?(`*Y E@:�GI?F`*E@m�]!?(] E@?(`*T <�E@9�?

SUT <!V?(<|G 5 T <-E@?(< n ] ?�G 5 ^ 5 ?(] ?(SU?(`l~-G@G 5 ?(8�? ^�>@?(`*c2> 5 T {-G}6�[;p2^;<%AU�xT 9�?(] logα n G 5 T <-E
9\^;<%M%:�G�T 8-^ 5 N�] D!^\E@{!MhD2N�8�=l^j`�?(>@?(`*Y E@:�GI?(`x<2?FS 9;[;] E@N 5 EH^\E�b�[;`xSU?(8x^�<!^;8�=G@[;8�>@?F<!V?FE�M
? 5 :(>IE	^ 5 [;] ] Y EH[�G�E�T 8-^ 5 N�] E@c2`fA

gh���%��.�'*)�021�0� 3	5 ?(]oGImK?�GI?FE@pf?(<l^ b = 2 M a = 8 M f(n) = n2 :(>IE@:(`�?(`*`�?(]%`;^;Wbdc2`
^lSU?�G�E@?(>tE@:FE@?(] pf?(< D!^�G 5 <![;] Et6#N�>@SK[\E�A4k�`*`;N�> log2 8 = 3 M�Y 8�=|^ ε = 1 :(>IE@:(`*`�?(] ^
SU?�G�E@?(>UE@:FE@?(]	?(]oGIm4?�GI?FE@:(<2?(`�6#?(] E@:FE@?(] ?(T�E@?(] bd?�GI72] <2?(`fM�^;SUT p�m�]	^�V{VT `fM D2N�8�= P (n) =
Θ(nlogb a) = Θ(n3) A3 SK[�GIN2VT `x?�GI?FE@pf?(<|^ b = 2 M a = 4 M f(n) = n2 :(>IE@:(`;?(`*`�?(]�`\^;W2bdc2`n^qSU?(G�EH?F>
E@:FE@?(] p�?(< D!^�G 5 <![;] EU6#N�>@SK[\E�A k�`*`;N�> log2 4 = 2 M Y 8�= f(n) = nlogb a M ^ 5 ^ 5 ^4SU?�G�J
E@?(>tE@:FE@?(]rSK[�GINVT `4?�GI?FE@:(<2?(`n6#?(] E@:FE@?(] ?(T E@?(] bd?�GI72] <2?(`fM�^;SUT pfm�] ^�V{VT `fMRD2N�8�= Q(n) =
Θ(nlogb a log n) = Θ(n2 log n) A3 D!^;>@SK^�VT `q?�GI?FE@p�?(<4^ b = 2 M a = 2 M f(n) = n2 :(>IE@:(`�?(`*`;?(]�`\^;W2bdc2`x^�SU?(G�EH?F>
E@:FE@?(] p�?(< D!^�G 5 <![;] EK6#N�>@SK[\E�A k�`*`;N�> log2 2 = 1 M�Y 8�= nlogb a = n M	^ 5 ^ 5 ^|SU?�G�E@?(>
E@:FE@?(]�D!^;>@SK^�VT `q?�GI?FE@:(<2?(`x?(]oGImw6#?(] E@:FE@?(] ?UE@?(] bd?�GI72]�A �l[�GI>@:�G 5 E�M 2(n/2)2 ≤ 1

2
n2 M%Y 8�=x^

SK[�GINVT `K6#?(] E@:FE@?(]%ToG E@?(] bd?�GI72]�A � ?(D![\E	^�V{2VT `fM*D2N�8�= R(n) = Θ(f(n)) = Θ(n2) A
gh���h� .�'*)�021�0� B%?(8�=;?(< f(n) = nlogb a log n A k�`*`�N�> f(n) = ω(nlogb a) MrY 8�=

^ 5 ?(]oGIm�`�:FEw?�GI?FEw<*=*T ] 9\[;<*9\^;] {-^;< <2?(S D!^�G 5 <![;] D!^\E@{!A �l[�GI>@:�G 5 EUE@?FEHG 5 m�] ?(8�?�G ε > 0
?�GI?FE@:(< f(n)/nlogb a+ε ^ 0 G 5 [;SUD2N 5 `�N�<*9;?(>@8-[;]�M*Y 8�=�^ D!^;>@SK^�VT `K?�GI?FE�6#?(] E@:FE@?(] ?(T�GI?(S
E@?(] bd?�GI72] <2?(`fA

s%��� '�-&( ������R)�'� 	\ �������0���� ���)�0 � ��U'*��'-� "f 	\)���� !"
s%�����}.�'*)�021�0� B%?(8abdN�p2pU?(GI?FE�� 3 SU?(<2<-=*T pf?(<K^ 8�N�<!VN�] E�G 5 [;S 2n−1 M�?(]oGIm�`�:(>HV:�GI>@?

`*T EH^;]o[;] bdc2`fMY 8�=�^ ] ?(8\bLN�p2pq?�GI?FE Θ(1) A
B%?(8�>@N-G@G 5 ^\p2pX?�GI?FE�� 3	5 i JL?�VT `|`�:(>HV:�G cEH[;< ^l] ?(D2?FEHGI:(8�?�G 8�N�<!VN�] EUG 5 [;SZ`�?FEIE@?�G

G 5 [;SU>@?(<!V2G 5 ?(>@p�?(] T�^;]o^;`ab�[;p!^;<�^ 5 iJL?�VT `|G 5 [;S�bd?(8�=�?FEtSU?(8�D!^\EH[;>@N 5(5 c2`fA � ~\9;?FE@`�? 5 :�G�J
`;:(W2Wf?(<K^ 5 nJL?�VT ` `�:(>HV:�G@GI?(]2^�] ?(8�>@N-G@G 5 ^;p2p ?�GI?FE@p�?(<UToG�`*T EH^;]o[;] bdc2` ^�`�?(>@?�GI?FEIE G 5 [;SUN;E�A
�l[�GI>@:�G 5 E n `;:(>HV:�G}G 5 72`GI:(8�?�G�ToG	] ?(D2?FE 
#Wf:(]oV2[;c2]�M�D!^w^w8�N�<!VN�] E}G 5 [;S 1 � M�Y 8�=x^K] ?(8;J
>@N-G@G 5 ^;p2p�?(GI?FE@pf?(<q^U`;:(>HV:�GI?(`�G 5 [;SK^ n = Θ(n) A� E@]o^;8�N-G�?�GI?FE�� 3 SU?(<2<*=*T p�?(<j^Q8�N�<!VN�] ErG 5 [;S 2n−1 M*^ 5 ?(]oGImt`�:(>HV:�G@GI?(]2`*T EH^;]o[;] bdc2`fA3 SU?(<2<-=*T pf?(<X^xG 5 [;S 2n−2 9\^;8�= 2n−1 + 2n−2 MR^;`*`�N�>�`�:FEt`�:(>HV:�GIp�?(<4EH^;]o[;] bdc2`n`*T�A3	5 N�`\^\E ^lG 5 [;SUN�`;^\E�M�^;SU?(] =�?(`4p2T <![;>@ToG ^;]o^;`ab�[;p!^;<�^ 5 iJL?�VT `�G 5 [;S�bd?(8�= 1 ^ 5 cEH[;<!^

��



`;~\9�?FE@`;? 5 mnG 5 [;S�bd?(8�=�?(` 0 Jd[;`fM i ] :(W�:�GIp�?(<�EH^;]o[;] bdc2`|`*T�A � ~\9;?FE@`�? 5 :�GI`�:(W2W�?(<|SUT <!V?(<
iJL>@?�M i = 1, . . . , n M 2i−1 N�] =-^;<jG 5 [;S 9;^;<%M2^;SU?(] =;?FE i ] :(W�:�GIpf?(<�EH^;]o[;] c2<2`w`*T�A � ?(D![\E	^
`;:(>HV:�GI?(`�[\E@]o^;8�N-G G 5 [;SK^

S =

∑n
i=1 i2

i−1

2n − 1
k�>@>@? ^ 5 :(>IE@:(`*>@?Q`�~�<2<*=;?(<xT 8-^ 5 N�] D!^\E@{!M2D2N�8�= n/2 ≤ S ≤ n Mf^ 5 ^ 5 T 8-^ 5 N�] E@c2`fM!D2N�8�=j^
`;:(>HV:�GI?(`�[\E@]o^;8�N-G G 5 [;SK^ Θ(n) A

s%�_gh��.�'*)�021�0� B%?(8\bdN�p2pn?�GI?FE�� 3 `�Nz(GIT�^j`\^;W2cE@{�]�] ?(8;EH[�9�N�]o^;p2p2TRD2?(] =;?(<�[;] ]�M%Y 8�=
SUT <!V?(<l`�Nz(GIT D2?(] =�?FE}SU?(8�<2: 5 ?(8�=G 5 ?(>�M�^ 5 cE@N�]oGI{;E}`�:FEHG 5 ?(>�M!E@?(D![\E n + 1 `�Nz(GIT D2?(] =�?FE
<2: 5 SU?(8!A

B%?(8�>@N-G@G 5 ^\p2pw?�GI?FE���k�`*`;N�>�^ `�Nz(GITh^ 5 ?(]oGIm D2?(] =;?(<q[;] ]�A � ?(D![\E�`;:FEHG 5 ?(>r9�:(8�T 8�SU?(8�=
:�Gr~-G@G 5 ?�GI?(< 2n D2?(] =�?FE�<2: 5 SU?(8!A� E@]o^;8�N-GR?�GI?FE�� v ^Q^ `�Nz(GITD![\E@c2] >@{�]2^ 5 iJL?�VT ` D2?(] =�?(< 9;^;<%M�^;`*`�N�>R?(] SU?(8�= ^�9�:F8�:(>@?
:�G i D2?(] =�?FE bd~�<l9*ToG@G 5 ^2A � ?(D![\E n + i `�Nz(GIT D2?(] =�?FE}`�?(] ]�SU?(8�<2: 5 <2T�A � ?(D![\E ^ 5 [\E@]o^;8�N-G
?�GI?FE

∑n
i=1(n+ i)

n
=

n2 + n(n+ 1)/2

n
=
3n+ 1

2
.

s%�os%� .�'*)�021�0� �xT 9�?(]r^ 5 ^;] 8�N�>@T E@S c!GI<!^;`n9;:(8�T 8l`�?(] ] D!^\bLEH^;<2To^n^ 5 ~-G@G 5 ?�Gt~-G@G 5 ? J
D!^�GIN�<2] Y EH[�G�E ^QSK^��T SK[;] ToG�?(] ?(S SU?(8;EH^;]_[;]o[�G@[\D2N 5 M;? 5 :(>IE n ~-G@G 5 ?(D!^�GIN;<2] Y EH[�G�9;^;<w^tSK^\J
�T SK[;] ToG�?(] ?(S ?(] D2?(] =�? 5 `�?�V*:�GI:FE@m�]R6#728�8�?FE@] ?(<*7]LM�^ 5 ^ 5 ^j] ?(8abdN�p2p%M�^j] ?(8�>@N-G@G 5 ^;p2pl:�Gt^ 5
[\E@]o^;8�N-G ?�GI?FE@pf?(<jToG(A

s%� u�� .�'*)�021�0� 3 ] ?(8\bdN�ppK?�GI?FE@pf?(<w^QW�?(>@S cEH[�zFT {Q?(]oGImt?(] ?(SU?}^ 5 1 M^�] ?(8�>@N-G@G 5 ^;p2p
?�GI?FE@p�?(<�^ 5 cE@N�]oGI{!M Y 8�= ^4] ?(8abdN�p2py?�GI?FE@p�?(< 1 M�^4] ?(8�>@N-G@G 5 ^\p2p ?�GI?FE@pf?(< n ~-G@G 5 ?(D!^\J
GIN�<2] Y EH[�G�E	D!^\bLE@c2<2`q9;:(8�>@?�A 3	5 [\E@]o^;8�N-Gr?�GI?FE}9*T 5 GI8-[;]o^\EH[;DN 5 D!^\EH[;>@N 5(5 c2`wSU?(8wSUT <!V*?(<
iJL>@?�MDN�8�=w^ 5 n! ]o?FD2?FEHGI:(8�?�G Wf?(>@StcEH[�zFT {�pf{�]�M*D![;<-=w?�GI?FE@p�?(<j9\^;<q^ 5 1 ?(] ?(S ^ 5 iJL?�VT `
D2?(] =;?(<%A v ^�^ 5 i JL?�VT `qD2?(] =�?(<n^ 5 1 ] ? 9;^;<l>@~�8 5 Y E@9�?�M�^;`*`�N�> ^KE@~�p2p2T�D2?(] =�?FE (n − 1)!
6#:(] ?(`;:(W2Wf?(<jE@~�] E@D2?FE�bd72`w6#?(]�M!Y 8�=�^ 5 T ] =�?(<qW�?(>@S c*E [�z To{�`wG 5 [;SK^ (n− 1)! A � ~a9�?FE@`�? 5 :�G�J
`;:(W2Wx^ 5 [\E@]o^;8�N-G ?�GI?FE@p�?(<x^ 5 ~-G@G 5 ?(D!^�GIN;<2] Y EH[�GIN�`KG 5 [;SK^

∑n
i=1 i · (n− 1)!

n!
=

∑n
i=1 i

n
=

n+ 1

2
.

s%�_�h�4.�'*)�021�0�Kv ^j^ 0 `*T ] N�SU:FE@?(>@`;m�<2:(]�T <!Vc2] c2<2`fM�^;`*`;N�>�^�] ?(8\bdN�pp4?�GI?FE@p�?(<|^ 5
?(]oGImKpf?F< 5 T <2`��E@D2N 5 ] ?(8�>@N-G@G 5 ^\p2pq?�GI?FE@p�?(<l^ 5 n JL?�VT `jp�?(< 5 T <2`��E@D2N 5 `�?(] ]�?(] SU?(<2<*7<2`fM
E@?(D![\E ^KSU?(8;E@?FEIE `*T ] N�SU:FE@?(>@?(`jG 5 [;SK^w^U] ?(8\bdN�p2px:�G	] ?(8�>@N-G@G 5 ^\p2pq?�GI?FE@?(`*p�?(< 2 :�G 2n A3	5 [\E@]o^;8�N-G ?�GI?FE@p�?(<�^qp!^;>H[\E@c2<2` n D2?(] =�?F<�] ?(D2? EaM�D!^x^ 5 i JL?�VT `np�?(< 5 T <2`��E@<![;]�9\^;<%M
^;`*`;N�> 2i EH[a9;N�]oG@[;8�N;Er`;?(] ]%SU?(<2<-72<2`fM!Y 8�=�^ 5 [\E@]o^;8�N-G ?�GI?FE@>@?Q^USU?F8;EH? E@E �E

∑n
i=1 2

i

n
=
2n+1 − 2

n
= o(2n).

v ^4^ 2n `*T ] N�SU:FE@?(>@`;m�<2:(] T <!Vc2] c2<2`fM ^;`*`�N�> ^l] ?(8abdN�p2p ?�GI?FE@p�?(< ^ 5 nJL?�VT `�p�?(<J5 T <2`��E@D2N 5 ]o?F8�>@N-G@G 5 ^;p2py?�GI?FE@p�?(< ^ 5 ?(]oGImXp�?(< 5 T <2`��E@D2N 5 `�?(] ]}?(] SU?(<2<*72<2`fM�E@?(D![\Eq^
SU?(8;E@?FEIE `*T ] N�SU:FE@?(>@?(`jG 5 [;SK^w^K] ?(8abdN�p2px:�G}] ?(8�>@N-G@G 5 ^;p2pq?�GI?FE@?(`*p�?(< 0 :�G 2n − 2 A 3	5

� �



[\E@]o^;8�N-GR?�GI?FE@pf?(<w^Qp!^;>H[\E@c2<2` n D2?(] =�?(<w] ?(D2? EaM-D!^t^ 5 i JL?�VT ` p�?(< 5 T <2`��E@<![;]�9\^;<%M*^;`*`�N�>
2n − 2i EH[�9�N�]oG@[;8�N\Er`�?(] ]%SU?(<2<-72<2`fM2Y 8�=�^ 5 [\E@]o^;8�N-G ?�GI?FE@>@?Q^ SU?(8;E@?FEIE �E

∑n
i=1(2

n − 2i)
n

=
(n− 2)2n + 2

n
= Θ(2n).

s%���%�j.�'*)�021�0�U3 ] ?(8\bdN�p2px?�GI?FE@pf?(<n^ 2n−1 `*T ] N�SU:FE@?(>@`;m�<2:(]�9;^;<l^wp�?(< 5 T <2`*cEH^�G(M
Y 8�= 0 `*T ] N�SU:FE@?(>IE}`;?(] ]�SU?(8;E@?(<2<2T�A 3 ] ?(8�>@N-G@G 5 ^;p2pj?�GI?FE@p�?(<l^ 5 ?(]oGImK`��E@D2N 5 SK^;b�VqN�<J
<!^;<w^ 5 n JL?�VT ` pf?(< 5 To<` �*EHDN 5 `�?(] ]!?(] SU?(<2<*72<2`fM-E@?(D![\E ^tSU?(8;E@?FEIE `*T ] N�SU:FE@?(>@?(` G 5 [;SK^
] ?(8�>@N-G@G 5 ^;p2px?�GI?FE@pf?(< 2n−1 + 2n − 4 = Θ(2n) A 3	5 [\E@]o^;8�N-G	?�GI?FE@p�?(<4^�p!^;>H[\E@c2<2` n
D2?(] =;?(<�] ?(D2?FE�M*D!^ ^ 5 i < nJL?�VT `Upf?(< 5 T <2`��E@<![;]f9;^;<%M*^;`*`�N�> 2n−1− 2i EH[a9;N�]oG@[;8�N;E�`�?(] ]
SU?(<2<-72<2`fM�D!^l^ 5 nJL?�VT `|`��E@<![;]r^;`*`�N�> 2n−1 + 2n − 4 EH[a9;N�]oG@[;8�N;EtY 8�=|^ 5 [\E@]o^;8�N-G
?�GI?FE@>@?Q^ SU?(8;E@?FEIE �E

∑n−1
i=1 (2

n−1 − 2i) + 2n−1 + 2n − 4
n

=
n · 2n−1 − 2

n
= Θ(2n).

s%���h�j.�'*)�021�0�U3 ] ?(8\bdN�p2px?�GI?FE@pf?(<n^ 2n−1 `*T ] N�SU:FE@?(>@`;m�<2:(]�9;^;<l^wp�?(< 5 T <2`*cEH^�G(M
Y 8�= 0 `*T ] N�SU:FE@?(>IEQ`�?(] ]�SU?(8;E@?(<2<2T�A 3 ] ?(8�>@N-G@G 5 ^\p2pn?�GI?FE@pf?(<|^ 5 nJL?�VT `n`��E@D2N 5 SK^;b�V
N�<2<!^;<w^ 5 ?(]oGImtpf?(< 5 T <2`��E@D2N 5 `�?(] ]�?(] SU?(<2<-72<2`fM-E@?(D![\E�^tSU?(8;E@?FEIE `*T ] N�SU:FE@?(>@?(`UG 5 [;SK^
] ?(8�>@N-G@G 5 ^;p2pX?�GI?FE@p�?(< 2n−1 + 2n − 2 = Θ(2n) A 3	5 [\E@]o^;8�N-Gt?�GI?FE@pf?(< ^np!^;>H[\E@c2<2`
n D2?(] =;?(<�] ?(D2?FE�MRD!^l^ 5 i < n − 1 JL?�VT `4p�?(< 5 T <2`��E@<![;] 9;^;<%MR^;`*`�N�> 2n + 2n−1 − 2i
EH[�9�N�]oG@[;8�N\E�`�?(] ]2SU?(<2<*72<2`fM-D!^Q^ 5 nJL?�VT ` `��E@<![;]!^;``;N�> 2n−1 EH[a9;N�]oG@[;8�N;ERD!^t^ 5 n−1 J
?�VT `w`��E@<![;]�^;`*`�N�> 0 EH[a9�N�]oG@[;8�N\E�M*Y 8�=�^ 5 [\E@]o^;8�N-G ?�GI?FE@>@?Q^ SU?(8;E@?FEIE �E

∑n−2
i=1 (2

n + 2n−1 − 2i) + 2n−1
n

=
(n− 2)(2n + 2n−1) + 2

n
= Θ(2n).

u�� ��'-"%$
	\� ��� 02)�� 	\�#���|$��( !"
u�������.�'*)�021�0����3

P (n) :(>IE@:(`;?(`*>@?�^U`;~\9�?FE@`;? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• P (1) = 1 
#D!^ ?(8�=w] :(Whz(GIm 9;^;<j?(8�=-6#:(] ?(`�:(W2W�?(<jSU?(D2?FE@72<2`��
• P (2) = 2 
#D!^�`�:FE�] :(Whz(GIm�9;^;<%M�9\^;8�= 1 + 1JLp�?(< 9\^;8�= ?(8�= `�?FEIE@?�Gw] :(W�:�G@GI?(]
SU?(D2?FE@72<2`��

• P (n) = P (n − 1) + P (n − 2) D!^ n ≥ 3 M 
#cE@N�]oGI{l] :(Wf:�GI`;:(<-E 1JL?FE 9\^;8�= 2 J�E
] :(W2D2?FE@72<2`�� A

3 `�~\9;?FE@`�? 5 m W2>@N�8�>H^;S G 5 [;SUN�] b�^ `*T%^ P (n) 6#728�8�9�:(<*=-E��
�������
	���	������� ��� 	���� � ��� 	���������	��
� �������

�
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���	� 
����������� 3 SU?(8-[;] ]o[�GIT%6#?(] E@:FE@?(] M(n) = (n − 1)(n − 2) A 3 D2?(] =;?�G@GI:(8�^�V{VT `
^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

��� ����������� ��!#"$!�!&%�!#�'�()!#*'��",+-��.,*$/0��� �d8-^ 5 N�] bdc2`qE@?(] bd?�G�T <!Vc2`-zFT {a9;^;]�MhD2N�8�= P (n) −
1 ≤ E(n) ≤ 2P (n)−1 A v ^ n = 1 9\^;8�= n = 2 M\^;`*`�N�> P (n)−1 ≤ E(n) = 2P (n)−1 Av ^U^ 5 n ≥ 3 :(>IE@:(`*>@?�^ 5 n JL<2:(]h`*ToGI?(p2pxG 5 [;SUN�`*>H^tT 8-^ 5 M2^;`*`;N�> n JL>@?�ToG(MSUT 9�?(]

P (n)− 1 = P (n− 1) + P (n− 2)− 1 ≤ E(n− 1) + E(n− 2) + 1 = E(n)

E(n) = E(n−1)+E(n−2)+1 ≤ 2P (n−1)−1+2P (n−2)−1+1 = 2P (n)−1
3
P (n) JL>@?�9�N�<!^\E@`�N 5 {r6#N�>@S c2]o[\E�E@?(] bd?�G�T <!Vc2`-zFT {\9\^;]-T 8-^ 5 N�] bdc`hA � ?(D2?(] =�? E@E@?�GIY E@:�G@GI?(]

^�V{VT `fMD2N�8�=

P (1) = 1 =
1√
5

(

(1 +
√
5

2

)2

−
(1−

√
5

2

)2

)

,

:�G

P (2) = 2 =
1√
5

(

(1 +
√
5

2

)3

−
(1−

√
5

2

)3

)

.

� N\9;[;pp![��

P (n+ 1) = P (n) + P (n− 1) = 1√
5

(

(1 +
√
5

2

)n+1

−
(1−

√
5

2

)n+1
)

+

1√
5

(

(1 +
√
5

2

)n

−
(1−

√
5

2

)n
)

=
1√
5

(

(1 +
√
5

2

)n(1 +
√
5

2
+1
)

−
(1−

√
5

2

)n(1−
√
5

2
+1
)

)

=

1√
5

(

(1 +
√
5

2

)n(1 +
√
5

2

)2

−
(1−

√
5

2

)n(1−
√
5

2

)2

)

=

1√
5

(

(1 +
√
5

2

)n+2

−
(1−

√
5

2

)n+2
)

.

u��_gh��.�'*)�021�0����3 `;~\9�?FE@`�? 5 m ~-G@G 5 ?F6#728�8�:(GI?(`w[;] ] <!^;`K6_?(<2<l^ 5 R(n, k) :(>IE@:(`�?(`*>@? �
• R(1, k) = 1 
�z(G@^;`tbdN�p2p2>H^ SU?(D2?FE@72<2`��
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• R(n, 1) = 1 
�z(G@^;`K6#?(] 6#?(] :QSU?(D2?FE@72<2`��
• R(n, k) = R(n, k − 1) + R(n − 1, k) 
�^ 5 cE@N�]oGI{w] :(W�:�G	6#?(] 6#?(] : :�G bdN�p2p2>H^UE@~�>IJ
E@:(<2D2?FE��

3 `�~\9;?FE@`�? 5 m W2>@N�8�>H^;S ^�V\b�^USU?(8K^ R(n, k) 6#728�8�9�:(<*=-E��
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���	� 
����������� 3 SU?(8-[;] ]o[�GIT6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V{VT `
^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

� � ����� ����� ��!#"$!�! %�!#�'�()!#*'��",+ ��.,*$/0��� �d8-^ 5 N�] bdc2` E@?(] bd?�GRT <!Vc2`-zFT {a9;^;]�MaD2N�8�= R(n, k) ≤
E(n, k) ≤ 2R(n, k) − 1 A v ^ n = 1 9\^;8�= k = 1 M%^;`*`;N�> 1 = R(n, k) = E(n, k) =
2R(n, k)− 1 A v ^ ^ 5 ~-G@G 5 ?�G (n′, k′) 6= (n, k) W![;>r?�GI?FE@:(<%M^;SU?(] =*>@? n′ ≤ n :�G k′ ≤ k
E@?(] bd?�GI72]%T 8-^ 5 ^ 5 [;] ] Y E [�G(M^;`*`�N�>�^ 5 (n, k) W![;>r?�GI?FE@:(<qToG �

R(n, k) = R(n, k− 1)+R(n− 1, k) ≤ E(n, k− 1)+E(n− 1, k) = E(n, k)− 1
E(n, k) = E(n, k−1)+E(n−1, k)+1 ≤ 2R(n, k−1)−1+2R(n−1, k)−1+1 =

2R(n, k)− 1
R(n, k)

�	�!#��+��,� 3	5 �Ew^l6#?(]oGIm4G@^;>@N�`*p!^ n + k − 2 ] :(W�:�GIpfm�]r[;] ]�M�?(p2p�m�] k − 1
JL?FEj] :(W272<2`|bdN�p2p2>H^2A k 5 ^ k − 1 ] :(Wf:�G�p2[;>@SU?(] = k − 1 ] :(W�:�G�] ?(D2?FEj:�Gj^lbdN�p2p2>H^
] :(W�:�GI?(` SU?(8�D!^\EH[;>@N 5(5 [;`t^ 5 cEH^\E�M�`�~\9;?FE@`�? 5 :�GI`�:(W2WU^ 5 cEH^;`UG 5 [;SK^ SU?(8�?(8�=;? 5 T ` ^ 5(5 ^;]
^UG 5 [;SUSK^;]�M2^;D![;<*=-6#:(] ?(`�:(W2Wj`*T 9;[;]o^�G 5 E@D!^\E�bdc2`w^ 5 n+ k − 2 ] :(W�:�GIp�m�]�^ k − 1 bdN�p2p2>H^
] :(W�:�G�E�M2:�Gr? 5 (n+k−2k−1

) A
u��os%��.�'*)�021�0��� � ?(] ~�] bd? Q(n) ^ 5 n 6#N�>@T <-Er] ?(D2?FEHGI:(8�?�G ?(] `�~�] E@:�GI?(T <2?(`w^UG 5 [;SK[\E�e 3

`;~\9�?FE@`;? 5 mU~-G@G 5 ? 6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• Q(1) = 1 
#D!^ ?(8�=K6#N�>@T <-E�9;^;<%M2^;`*`�N�> ?(8�=wW�?(>@?�zF?FE	9;?(D2?FE@72<2`��
• Q(2) = 3 
#`�:FE�6#N�>@T <�E@pf{�]�Mh9\^;8�=q`�:FEQW�?(>@?�z 9\^;8�=q?(8�=lz(GIN�`*T�9;^;8�=q?(8�=q6�^;8�=*]o^;] E
9;[�G@[;>@N;] D!^\E@{ �

• Q(n) = Q(n−1)+2Q(n−2) D!^ n ≥ 3 M 
#cE@N�]oGI{ ^;] `\^;] N�SUSK^;]2W�?(>@?�zF?FE�M*z(GIN�`*T E
9;^;8�=U6�^;8�=*]o^;] E@N;Er9�?(D2?FE@72<2`�� A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ Q(n) 6#728�8�9;:(<*=-E��

� �



�������
	���	���� ��� ��� 	���� � ��� 	���������	��
� �������

�
��� � ����� ���
� ��� �

� 
�� � �
��� ��� ��� ���
� �����

� 
����
� ��� � ��������� � � ����� � � �

��� ���

���	� 
����������� 3 SU?(8-[;] ]o[�GIT%6#?(] E@:FE@?(] M(n) = (n − 1)(n − 2) A 3 D2?(] =;?�G@GI:(8�^�V{VT `
^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u�� u��	.�'*)�021�0����3 6#?(]o^�V2^\E�?(`*9*T 9\^;] ?(<!G�^ 5 ?(] m 5 m�6#?(]o^�V2^\EIEH^;]�M\^�Wf?(>@?�z�^ 5 A E@Y W2c!GI<!^;`
^�z(GIN�`*T\:�G%^ 6�^;8�=*]o^;] E�^ B :�G C E@Y W2c!GIN�`*<!^;`	6#?(] ?(];SU?(8!A � ~a9�?FE@`�? 5 :�GI`;:(W2W�?(< c28�=-^;<!^ 5(5 ^;]
^ 5 ?(] b�[;>H[�G@G@^;]�N�]oVD!^\E@{USU?(8K^ 6#?(]o^�V2^\E�A

u��_�h��.�'*)�021�0��� � ?(] ~�] bd? F (n) ^ 5 n SK^;8-^�G E@N�>@N�<*=n] ?(D2?FEHGI:(8�?�G 6#?(] :(W2Y E@:�GI?(T <2?(`|^
G 5 [;SK[\E�e 3 `;~\9�?FE@`;? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• F (1) = 1 
#?(8�=w?(8�=GI:(8 SK^;8-^�G `�NzH`\^ �
• F (2) = 3 
#`�:FE ?(8�=GI:(8wSK^;8-^�G(M!9\^;8�=j`�:FE ?(8�=GI:(8KSK^;8-^�G�`�:(`q9\^;8�=j`;:FE ?(8�=GI:(8
SK^;8-^�G W2T >@N-G �

• F (3) = 6 
#?(8�=G 5 ?(>���?�GI?FEHG 5 :FE@9;[;]o^�G 5 EH[;G �
• F (n) = F (n − 1) + 2F (n − 2) + F (n − 3) D!^ n ≥ 4 M�
#] ?(8;6#?(] 72]�^w<2:(8�=�6#:(] ?
`�NzH`\^ 9\^;]o^;SU?(] =*T `�? ] ?(D2?FE�� A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ F (n) 6#728�8�9�:(<-=-E��
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����������� 3 SU?(8-[;] ]o[�GIT%6#?(] E@:FE@?(] M(n) = (n − 1)(n − 2)(n − 3) A 3 D2?(] =;?�G@GI:(8
^�V{VT `�^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?(`-pfm;]�A

u����%�K.�'*)�021�0� B%?(8�=;?(< L(n) n ^ 5 N�<xW!^;>IE@YozFT {�T <!^;`�^wG 5 [;SK^2M�^;SU?(] =*p�?(<xSUT <!V?(<
G 5 [;S `*72] ~�<*p�~ 5 m!A � ?(] ~�] bd? L2(n, k) ? 5 ?(`q`�~ 5 72]R^ 5 N�`qG 5 [;SK[\E�Mh^;SU?(] =�?(`*p�?(<lSUT <!V?(<
>@:�G 5 ] ?(8;6#?(] bd?(p2p k A 3 `�~a9�?FE@`�? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`K[;] ] <!^;`K6#?(<2< �
• � A L2(1, k) = 1 M 
�^ 5 � G 5 [;S W!^;>IE@YozFT {�T �
• � A L2(n, 1) = 0 M2D!^ n > 1 
#<2?(S ] ?(D2?FE@<2?(`�`*72] ~�<-pf~ 5 m*?(`w^ >@:�G 5 ?(`��
• � A L2(n, n) = 1 + L2(n, n− 1) 
�^ 5 n JLp�m�]%[;] ] {UW!^;>IE@YozFT { :�G	^ E@~�p2p2T �
• � A L2(n, k) = L2(n, n) M2D!^ n < k 
#<2T <!z(G n JL<2:(]h<!^;8�=�N�p2p�>@:�G 5 �
• � A L2(n, k) = L2(n, k − 1) + L2(n− k, k − 1) 
#9;^;8�=wG 5 ?(>@?(W�?(] k 9;^;8�=K<2?(S �
3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ L(n) 6#728�8�9;:(<*=-E��
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���	� 
����������� 3 SU?(8-[;] ]o[�GIT6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V{VT `
^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u����h�K.�'*)�021�0� B%?(8�=�?(< S(n) n ^ 5 N�<qW!^;>IE@YozFT {�T <!^;`j^wG 5 [;SK^2M�^;SU?(] =*p�?(<xSUT <!V?(<
G 5 [;SZW![;>H^\E@]o^;<%A � ?(] ~�] bd? S2(n, k) ? 5 ?(`�`�~ 5 72]�^ 5 N�`�G 5 [;SK[\E�M ^;SU?(] =;?(`*pf?(<XSUT <!V?(<
>@:�G 5 ] ?(8;6#?(] bd?(p2p k A v ^�GIN�<2] {-^;<%M;SUT <-Er^ 5 ?(] m 5 m�6#?(]o^�V2^\E@p!^;<U`;^;Wbdc2`fM-DN�8�= ^Q`;~\9�?FE@`�? 5 m
~-G@G 5 ?F6#728�8�:�GI?F`w[;] ] <!^;`K6#?(<2< �
• � A S2(1, k) = 1 M S2(n, 1) = 1
• � A S2(n, n) = 1+ S2(n, n− 1) MD!^ n W![;>H^\E@]o^;<%M S2(n, n) = S2(n, n− 1) MD!^
n W![;>@N-G

� �



• � A S2(n, k) = S2(n, n) M2D!^ n < k

• � A S2(n, k) = S2(n, k − 1) + S2(n − k, k) M�D!^ k W![;>H^\E@]o^;<%M%:�G S2(n, k) =
S2(n, k − 1) D!^ k W![;>@N-G(A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ S(n) 6#728�8�9�:(<-=-E��
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���	� 
����������� 3 SU?(8-[;] ]o[�GIT6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V{VT `
^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u����%� .�'*)�021�0� B%?(8�=�?(< R(n) n ^ 5 N�<qW!^;>IE@YozFT {�T <!^;`�^wG 5 [;SK^2M!^;SU?(] =*p�?(<qSUT <!V?(<
G 5 [;SP] ?(8-^;]o[;p2p � A � ?(] ~�] bd? R2(n, k) ? 5 ?(`j`�~ 5 72]�^ 5 N�`qG 5 [;SK[\E�M�^;SU?(] =�?(`*p�?(<xSUT <!V?(<
>@:�G 5 ] ?(8;6#?(] bd?(p2p k A�k�`*`�N�>	^ `;~\9�?FE@`;? 5 mU~-G@G 5 ?F6#728�8�:�GI?(`w[;] ] <!^;`U6#?(<2< �
• � A R2(1, k) = 0 M R2(n, 1) = 0 M
• � A R2(2, k) = 1 M R2(n, 2) = 1 M2D!^ n W![;>@N-G(M R2(n, 2) = 0 M2D!^ n W![;>H^\E@]o^;<
• � A R2(n, n) = 1 +R2(n, n− 1) M2D!^ n ≥ 3
• � A R2(n, k) = R2(n, n) M2D!^ n < k

• � A R2(n, k) = R2(n, k − 1) +R2(n− k, k) M2D!^ n > k :�G k ≥ 2 :�G n ≥ 3
3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ R(n) 6#728�8�9;:(<*=-E��
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���	� 
����������� 3 SU?(8-[;] ]o[�GIT�6#?F] E@:FE@?(] M(n, k) = (n − 1)(n − 2)(k − 1)(k − 2) A 3
D2?(] =;?�G@GI:(8K^�V{VT `�^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?(`-pfm;]�A

u����%�Q.�'*)�021�0� B%?(8�=�?(< H(n) n ^ 5 N�<jW!^;>IE@YozFT {�T <!^;`w^KG 5 [;SK^2M2^;SU?(] =*p�?(<jSUT <!V?(<
G 5 [;S W![;>H^\E@]o^;<�:�Gr^UG 5 [;SUN�`KW![;>@N�<2`;:(<-Er`*72] ~�<*p�~ 5 m*?(`fA � ?(] ~�] bd? H2(n, k) ? 5 ?(`w`;~ 5 72]
^ 5 N�`nG 5 [;SK[\E�M�^;SU?(] =;?(`*pf?(<4SUT <!V?(<�>@:�G 5 ] ?(8;6#?(] bd?(p2p k A v ^�GIN�<2] {-^;<%M%SUT <�E ^ 5 ?(] m 5 m
6#?(]o^�V2^\E@N�`*p!^;<�`;^;Wbdc2`fM2DN�8�=�^ `�~\9;?FE@`�? 5 m ~-G@G 5 ?F6#728�8�:�GI?(`K[;] ] <!^;`K6#?(<2< �
• � A H2(1, k) = 1 M
• � A H2(n, 1) = 0 MD!^ n > 1

• � A H2(n, n) = 1 +H2(n, n− 1) M2D!^ n W![;>H^\E@]o^;<%M H2(n, n) = H2(n, n− 1) M
D!^ n W![;>@N-G

• � A H2(n, k) = H2(n, n) M2D!^ n < k

• � A H2(n, k) = H2(n, k−1)+H2(n−k, k−1) M�D!^ k W![;>H^\E@]o^;<%M\:�G H2(n, k) =
H2(n, k − 1) D!^ k W![;>@N-G(A

3 `�~\9;?FE@`�? 5 mU^;] 8�N�>@T E@S c!Gr^�V\b�^ SU?(8K^ H(n) 6#728�8�9�:(<-=-E��
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���	� 
����������� 3 SU?(8-[;] ]o[�GIT6#?(] E@:FE@?(] M(n, k) = (n−1)(k−1) A 3 D2?(] =�?�G@GI:(8t^�V{VT `
^ SU?(8-^�VN;EIE�~-G@G 5 ?F6#728�8�:�GI?F`*pfm;]�A

u������%�	.�'*)�021�0� B%?(8�=;?(<t^�D!^;<2N�T�?(] b�[;>H[�G%?(8�= N�] =�^;<t^;] 8�N�>@T E@S c!G(M�^;SU?(] =*<2?(` D![;>@N�S
^;>@8�c2SU?(<�E@c2SK^K9;^;<%M�^ 5 ?(]oGIm�^;>@8�c2SU?(<�E@c2S ^ 5 E�^�V\b�^KSU?(8!M�D2N�8�=jD![;<*=j`�N�>@N�<28�N\E	D2?FJ
] =;? 5 72<2`U[\E�M-^�SK[�GINVT `tSU?(8-^�V\b�^2M;D2N�8�= SU?(] =*T `tE@N�>@N�<*=*>@{;]2^�D!^;>@SK^�VT `fM;D2N�8�=tSU?(] =*T `
E@N�>@N�<-=*>H^2A|k�`*`;N�>K^ 5 ?(] b�[;>H[�G ^ 5 (n, 1, 2) ^;>@8�c2SU?(<-E@c2SUSK^;] SU?(8�N�]oV\b�^n^l6#?(]o^�V2^\E@N;E�A3 SU?(<2<-=*T pf?(< i− 1 `�N�>@N�<28�N\E�SK[;> [\E E@c!Vc2<2`UD2?(] =�? 5 <2T�M i `�N�>@N�<28;N;E ^Q`�~\9�?FE@`;? 5 m�`�:(WJ
W�?(< D2?(] =;? 5 D2?FE@72<2` [\E�A�k�]oGIm�`;:(<-E i−1 `�N�>@N�<28;N;ER[\E@D2?(] =�? 5 72<2` ^ 5 N-G 5 ] N�W2>@{�]-?(8�=QSK[�GIT `
N-G 5 ] N�W2>H^A ��EH[;<!^q^ 5 i JL?(VT `l`�N�>@N�<28�N\E >H[;>H^;`abdc2`x^j`*T SK^;>H^�V{�72>@?�G N-G 5 ] N�W2>H^2A �}:(8�72]
? 5 ?(<�`�N�>@N�<28QE@?FE@?Ibd:(>@?}6#?(] >H^;`abdc2`w^ 5 i− 1 `�N�>@N�<28�N\E�A�k 5 E	^ >@?(`*c2> 5 T {;E Y >�b�^ ] ?�^ `�~a9�?FEIJ
`;? 5 m ?(] b�[;>H[�G 
�^tSU?(8�?(<8�?�V?FEIE ] :(Wf:�G�Er^tSUN 5 8-^\E�6#728�8�9;:(<*= Y >�b�^t] ?�M^ 5 ^;>@8�c2SU?(<-E@c2SK^;T�M
D2N�8�=KD2N�<2<!^;<jD2N\9;^ ���
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� ,-� ,*��'-"���� �2�X0 � 3	5
i JL?�V*To`j`�N�>@N�<28K[\E@>H^;`;[�G@[\D2N 5 `�:FEHG 5 ?(>}`�?(] ] i − 1 `�N�>@N�<28�N;E

[\E@D2?(] =;? 5 <2T :�G ?(8�=lE@N\9\[;p2p2T SUN 5 8-^\EH[�GtG 5 72`GI:(8�?�G(A � ?(D![\E T (i) JL9;?(]�bd?(] ~�] 9�?�^ 5 i `�N;J
>@N�<28 [\E@>H^;`\[�G@[;D2N 5 G 5 72`GI:(8�?�G SUN 5 8-^\EH[�GIN;`UG 5 [;SK[\E�^ T (i) = 2T (i− 1) + 1 >@?(`*c2> 5 Y 9
~-G@G 5 ?F6#728�8�:�G [;] ]R6#?(<2<%A T (1) = 1 M�Y 8�= T (2) = 3 M T (3) = 7 A 3	5 E GI?IbLE@D2?FE�bd72`fM�D2N�8�=
T (i) = 2i − 1 M2^;SU?(] =�?F8�=�?(<2] m-GI:(8 E@?(] bd?�G�T <!Vc2`�zFT {\9\^;]h?(8�=G 5 ?(>��2?(<�T 8-^ 5 N�] D!^\E@{!A
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] ToGx:(>IE@:(`�?FE�A 3	5 N�`i^ySU?(8;6#?(] ?(] m GIN�>@>@?(<!V?F`hM�^;SU?(] =�?(`*p�?(< SUT <!V?(<2`*TtSU?(8�?(] m 5 T ^ 5
^;Wb�[\E�AR�d] =�?(<jGIN�>@>@?(<2V?FE `\^;W2D!^\E@c2<2`U?(8�=KG 5 T <�E�G 5 ?(>@T <-E@T�p�?Ib�[;>H[�G GIN�>@>@?(<!Vabd:(<2?(`K^tSU?(8;J
6#N�>HVY EH[�G@[�9;^;]�A

� �



3	5 N�WE@T SK[;] ToG SU?(8�N�]oV2[�G�9*ToG@G 5 ^\6#?IbLE@D2?FE@m!M-D!^ ^ 5 ?(] b�[;>H[�G GIN�>H[;<USUT <!VT 8 SU?(8\bd?(8�=;? 5 J5 72`fMD2N�8�=�^ 5 N�WE@T SK[;] ToGrSU?(8�N�]oV2[�G EH^;>IEH^;] SK^ 5(5 ^tJL?Q^ 8�=�~�`�?(>@?FE�A� :FE�SU{V2G 5 ?(> ToG SU?(8-^�VD2^\EH{�^;<2<!^;`qp2T 5 E@N-GIY EH[�G@[;>H^M�D2N�8�=x^�9\[;] ]o^;]o^\E}6#m�<~�`�? p2T 5 J
E@N-GQSU?(8�D2Y 9;[�G�Et<*=;?(>�bd?(<%Al�x?(8;E@?(D2?FE�bd72`fMRD2N�8�=4^q6#?(]o^�V2^\E@N;E�MRz(G@^;`4^q6#m�<2~�`nc2<2N�`;[;T >H^
N�]oV\bdc2`ySU?(8!M	:�Gj^�`;^;W�N;EIE�SU?(8�N�]oV2[�GIN�` c2<2T {�b�^XW2] c!G 5 ^|6#m�<2~�`y] ?�G 5 ^�SU{2VN-GIY E@N;EIE
W2>@N�p2] :(SK^KSU?(8�N�]oV2[�G@^2A k�8�=xSK[�GIT `q] ?(D2?FE@m-GI:(8!M�D2N�8�=x^w6#m�<2~�`q`�?�V*:(] =�?�G@GI:(8�:FE�[\EH[;] ] Y EIJ
bdc2`x?(8�=q<!^;8�=�N�<l<!^;8�=q:(>IE@:(`*>@?t? 5(5 ?(]Rp2T 5 E@N-GIY E@9;^2MfD2N�8�=j6#?(] `;?(>@72]�^w6#?(]o^�V2^\E N�WE@ToSK[;] ToG
SU?(8�N�]oV2[�G@[;p!^\<j^ SU?(8�D2Y 9�N;EIEH^;`w] ToG�EH[\b�[;>H^2A

�h���%� .�'*)�021�0��� ?(] ~�] bd? n ^QEH[;>@8�=-^;` G 5 [;SK[\E�e � ?$#!<2To[;] bdc2`K^ 5 F (i,W ) 6#728�8�9�:(<-=-E�M
SUT <!V?(< i = 1, . . . , n M W = 1, . . . , S :(>IE@:(`*>@?�A k 5 ^U6#728�8�9�:(<-=q^ 5 N�<qD![\E@T 5 G@[;`�W2>@N�pJ
] :(SK^wN�WE@T SK[;] ToG}6#728�8�9;:(<*=�:(>IE@:(`;:FE�^�V\b�^�SU?(8!Mh^;SU?(] =*p�?(<4^KEH[;>@8�=-^;`j] ToG�EH[\b�^j^ 5 ?(]oGIm i
EH[;>@8�=�^\E EH^;>IEH^;] SK^ 5(5 ^2M*:�G�^ D![\E@T 5 G@[;`wSU:(>@?FE@? W A 3 SU?(<2<-=*T pf?(< W :(>IE@:(`�?�<2?(8-^\E@Y 9w^
6#728�8�9;:(<*=w:(>IE@:(`�? −∞ A

k�`*`�N�>�^ `;? 5 V?FE@T2:(>IE@:(`�?F`>@? F (1,W ) = f1 M�D!^ s1 ≤W :�G 0 `*72] ~�<*p�?(<%AR�l[�GI>@:�G 5 E
^ `�~a9�?FE@`�? 5 m >@?(`*c2> 5 T { E@?(] bd?�GI72] �

F (i+ 1,W ) = max{F (i,W ), fi+1 + F (i,W − si+1)}.3 >@?(`*c2> 5 T {q9;^;] {�p!^;<n6#?(<2<![;] ]�A 3 >@:�G 5 W2>@N�p2] :(SK^jN�WE@T SK[;] T_GQSU?(8�N�]oV2[�G@[;p!^;<49\^;8�=
G 5 ?(>@?(W�?(]�^ 5 i + 1 JL?�VT ` EH[;>@8�= 9;^;8�= <2?(SqM}:�Gj? 5 ?(< `�:FEq?�GI?FEjSK^��T S c2SK^ ^�V\b�^ ^ 5
N�WE@T SK[;] ToG zF:(] 6#728�8�9;:(<*=�:(>IE@:(`;?FE�A 3 SU?(<2<*=*T p�?(< W − si+1 <2?(8-^\E@Y 94^q6#728�8�9�:(<*=;:(>IE@:(`
F (i,W ) ] ?�G 5 A3 6#?(<�E@T ?(` ^;]o^;Wb�[;< ?(8�=Q<2:(8�= 5 ?FE@?�G�EH[;p2]o[ 5 ^\E@`*T E@~�] E@:�G@GI?(]*SU?(8�`\^;W2D!^\E�bdc2`t^ 5 N�WE@T SK[\J
] ToGQzF:(] 6#728�8�9;:(<*=�:(>IE@:(`;?FE�A k�8�=lN�WE@T SK[;] ToG SU?(8�N�]oV2[�G�E�SU?(8�`;^;W2c2<2`x9*ToG@G 5 ^\6#?IbLE@:�G@GI?(]�MhD!^
?(8�= V (i,W ) EH[;p2]o[ 5 ^\E@p!^;<�G 5 [;SUN�<UEH^;>IE�bdc2`fM*D2N�8�=U^ 5 F (i,W ) :(>IE@:(`U`*ToG 5 [;SUY EH[�G@^;`�N;>
^ 5 i EH[;>@8�=wG 5 ?(>@?(Wf?(] ErJL?Q^ 5 N�WE@T Stc2SP?�GI?FE@:(<%A

�h�����%�}.�'*)�021�0� B%?(8�=�?(< P (n) ^�] ?(D2?FEHGI:(8�?�G�6#?(] >H^\b 5 N�]o[�GIN�`tG 5 [;SK^2A�k�`*`�N�> P (1) =
1 A � ?(`*T <�EHGI72`w^ 5 n ≥ 1 ?�GI?FE@?FE�A ��?(8�=*72`w^ 2n W�N�<-E@N�<�[\E@D!^;]o^�V{ `�~�>IE�A � ?(] ~�] bd? i ^ 5 N�<
`;~�>@~�` G 5 [;SK[\E�Ma^;SU?(] =�?(`�?FEhEH^;>IE ^;] SK^ 5 ? 5 ^�`�~�>�A%k�`*`;N�>�^�`�~�>%SK[�GIT ` SU?FEHG 5 :�GIW�N�<-E�b�^	^ 5
x E@?(<28�?(] ] =�?(]-^ (2(n−i)−1, 0) WfN�<�E�A 3 `�~�>@~�< pf?(] 72] i E@N\9\[;p2p2T;`�~�>IE%`�?(] ]�?(] D2?(] =�? 5 <-72<2`fM
? 5 E P (i) 6#:(] ?(`�:(W2W�?(<xE@?(D2?FE�bd72`qSU?(8!A 3 E@~�p2p2T�`�~�>}^ 5 1, . . . , 2(n − i − 1) W�N�<-E@N�`;N�<
`;?(] ]�[\E@SU?(<;bd?(<%M!? 5 ?(`;?FE}^ `�~�>@~�`�?FE P (n− i− 1) 6#:(] ?(`�:(W2W�?(<q>H^;b 5 N;]oD2^\ELbLc2`w6#?(]�A � ?(D![\E
^ 5 ~-G@G 5 ?�G�T ] =�?(<U6#?(] >H^;b 5 N�]o[�GIN�` G 5 [;SK^ P (n− i−1)P (i) A��l[�GI>@:�G 5 E i p![;>@SU?(] = :(>IE@:(`�?FE
6#?(] 9;?(D2?FE@T 0 :�G n− 1 `�~ 5 ~;EIE�MY 8�=�^ P (n) :(>IE@:(`*>@?�^ `�~\9;?FE@`�? 5 m >@?(`*c2> 5 T {U[;] ]f6#?(<2< �

P (n) =
∑n−1

i=0 P (n− i− 1)P (i)3 6#N�>@S c2]o[;p!^;<t^ 5 i = n−1 ?�GI?FE@p�?(< :�G i = 0 ?�GI?FE@p�?(< ^}G 5 N�> 5 { P (0) A � ?$#!<2To[;] bdc2`
P (0) :(>IE@:(`;:FE 1 JL<2?(`fA 3 >@?(`*c2> 5 T {}^;]o^;W2b�[;<t?(8�=*pfm�]*^�V{VT `t^}VT <!^;SUT `*c!G�W2>@N�8�>H^;SUN 5 [�GIT
^;] 8�N�>@T E@Stc!Gr] T <2?�[;>@ToG EH[;p2]o[ 5 ^\E@`*T E@~�] E@:�G@GI?(]�A

�h������� .�'*)�021�0� � ?(8�=*72`|6#?(]�M D2N�8�=X^4] :(Wfz(GIm�`X[;]o]o^;W�N;EH^n?(8�= K E@~�Stp2pf?(< 9;^;<
SU?(8-^�V9\^2Mf^ 5 i JL?�VT `qD2?(] =q:(>IE@:(`�? 1 D!^w] ?(D2?FEQ^ 5 i JL?�VT `q] :(Wfz(GIm�>@?t] :(W2<2T 0 ?(8�=�:(p2`�:(<�E�A3	5 ?F] bd[;>H[�GUD!^�GIN�<2] {|^ � A � A 6#?(]o^�V2^\E@p!^;< D!^�G 5 <![;] EK?(] b�[;>H[�GID2N 5 M ^;<2<*=*T	^4`*72] ~�<*p!GI:(8!M
D2N�8�= T [i] = 0 M2D!^U^ 5 i JL?�VT `w] :(Wfz(GImU`�N�>@D!^�V*E�A
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�h���2gh� .�'*)�021�0��� ?$#!<2To[;] bdc2`�^x`;~\9�?FE@`;? 5 mx>@:�G 5 W2>@N�p2] :(SK[;`\^\E�AqB%?(8�=;?(< t[i, j] ^ 5
Ai, . . . , Aj GIN�`G 5 ~�8�>I?Q^ 5 N�WE@T SK[;] ToG�6#?(] pfN�<�EH[�GI<!^;`q^K`;~�] E GI:F8�?�e 3	5 ?(] 6�^;bdc2] {w?�GI?FE@?(`*>@?
] ?(8�=;?(< t :(>IE@:(`;? 0 A|k�`*`;N�>U^ 5 N�WE@T SK[;] ToGt6#?(] p�N�<-EH[�G `;~�] EHGI:(8�:FEU^ t[1, n] :(>IE@:(`�^�V\b�^2A3	5 :(>IE@:(`;?(`*>@?w^q`�~a9�?FE@`�? 5 mq>@?(`*c2> 5 T {x[;] ]�6#?(<2< 
�^ 5 N�<�V~�<-E@:�Gt^;]o^;W2b�[;<%M�D2N�8�=nSUT ] =�?(<
D![;>@N�SKG 5 ~�8tEH^;>IEH^;] SK^ 5(5 ^ AiAj N�]oV2^;] E�� A

t[i, j] =

{

0, D!^ i = j 9\^;8�= i = j − 1 M
mini<k<j{t[i, k] + t[k, j] + w(AiAkAj)}, `*72] ~�<-pf?(<

3
t[i, j] :(>IE@:(`;?(`�?FE�N�] =-^;<UGIN�>@>@?(<!Vp�?(< `;^;W2D!^\E�bdc2` SU?(8!M-^;DN�8�= j− i <2~a9�?(`G 5 T `fA 3

t[1, n] :(>IE@:(`KSU?(8-^�V\b�^ ^ 5 N�WE@T SK[;] ToGrzF:(] 6#728�8�9�:F<*=�:(>IE@:(`�: EaA 3 SU?F8�N�]_V[�G�Er9*ToG@G 5 ^\6#?IbLE@:�G�J
GI?(]�SU?(8�`;^;W2D!^\E�bdc2`fMfD!^�SUT <!V?(< (i, j) W![;>@>H^KSU?(8\bd?(8�=;? 5(5 72`fMfSU?(] = k ?�GI?FE@:(<n`\^;WE@c2`
^ 5 N�WE@T SK[;] ToGr:(>IE@:(`�?FE�A

�h���s%��.�'*)�021�0� ��?(8�=*72<2`}`�:FE�GIN�>@N 5 ^\E@N;E�M X = (x1, . . . , xm)J�E�:�G Y = (y1, . . . , yn)J
E�AUB%?(8�=;?(<|^�] ?(8�D2N-G@G 5 ^;p2pl`�~ 5 ~-G}>@:�G 5 GIN�>@N 5 ^\E 
�^�E@N\9\[;p2p2To^;`*p!^;<n^ 5 B � ! >@~\9*ToVY E@:�G�E
D!^�G 5 <![;] bdc2`�� Z = (z1, . . . , zk) A � ?(] ~�] bd? Xi i = 0, . . . ,m :�G Yi i = 0, . . . , n :�G Zi
i = 0, . . . , k >@?(<!V>@?}^ 5 X M Y :�G Z GIN�>@N 5 ^aE@N�` ?(]oGIm i ?(] ?(SU?(T pfm�]�[;] ] {tW2>@?$#��?(T E�ARk�`*`;N�>
^ `�~a9�?FE@`�? 5 m >@?(`*c2> 5 T {U[;] ]f6#?(<2< �
• v ^ xm = yn ^;`*`�N�> zk = xm = yn :�G Zk−1 M�^ 5 Xm−1 :�G Yn−1 GIN�>@N 5 ^aE@N�`
?(8�=�B � !rJobd?�A

• v ^ xm 6= yn :�G zk 6= xm M!^;`*`�N�> Z M!^ 5 Xm−1 :�G Y GIN�>@N 5 ^\E@N;`K?(8�=�B � !rJobd?�A
� �



• v ^ xm 6= yn :�G zk 6= yn M!^;`*`;N�> Z M2^ 5 X :�G Yn−1 GIN�>@N 5 ^aE@N�`K?(8�=�B � ! Jobd?�A
�xN-G�EQ] ?(8�=�?(< c[i, j] ^ 5 Xi :�G Yj GIN�>@N 5 ^\E@N;`lB � !rJobd:(<2?(`n^jD2N-G@G 5 ^2A k�`*`�N�>�? 5 ?(<

:(>IE@:(`;?(`*>@?Q^ `;~\9�?FE@`;? 5 mU>@?F`c> 5 T { E@?(] bd?(GI72]�A

c[i, j] =







0, D!^ i = 0 9\^;8�= j = 0 M
c[i− 1, j − 1] + 1, D!^ i, j > 0 :�G xi = yj M
max{c[i, j − 1], c[i− 1, j]}, D!^ i, j > 0 :�G xi 6= yj A

k�`*`�N�>t?(8�=n<2:(8�= 5 ?FE@?�G EH[;p2]o[ 5 ^\E@`*T E@~�] EH:(G@GI?(]�SU?(8�`;^;W2D!^\E�bdc2`4^ c[i, j] :(>IE@:(`;?(`�?FEt:�G
c[m,n] ^ 5 B � ! D2N-G@G 5 [\EQ^�V\b�^q9*ToG@G 5 ^2AUk�8�=4B � !rJ�EQ`;^;W2c2<2`l9*ToG@G 5 ^\6#?IbLE@:�G@GI?(]�D!^q^ c
E@~�StpK`*T E@~�] E@:�GI?�SU?(] ] ?FEIE ?(8�= b E@~�S p2p�?(<KSUT <!VT 8QSU?(8\bd?(8�=;? 5(5 72`fM;D2N�8�= ^�>@?(`*c2> 5 T {�p!^;<
SUT EwD!^�G 5 <![;] E@c2<2` c :(>IE@:(`�:(<2?(`XSU?(8-^�V2[�G@[\D2N 5 A 3	5 ^;] 8�N�>@T E@Stc!GIN�`|>@:�G 5 ] ?FE@?�GU] ?(Y >H[�G@^
G 5 ?(>@?(W�?(]%^ 
 N�>@SU?(<%M2B%?(ToGI?(>HGIN�<%M�!�T 9;?�G�E	`�~�<-=*9*pf?(<%A

�h���*u��
	L'*)�021�0�Q3
c[ij] :�G b[i, j] :(>IE@:(`�?(` � 
 3 SK[�GINVT ` EH[;p2]o[ 5 ^\E@p!^;< A bd?(] ~�] T�MD!^

^�9�:(8�?(`qSU?(8�?(8�=�? 5 E@?(`x^ 5 ^ 5 ^ 5 [\E@] {-G@^;<n] ?F6#?(] ?U?�GImj:(>IE@:(`;?FEQD!^�G 5 <![;] E@c2`fM L :�G B ^ 5 E
D!^q^j] ?F6#?(] ?U9;^;8�=x^jp!^;] >H^�?�GImq:(>IE@:(`�?FE�A v ^q^jSK^��T S c2S p!^;<4SUT <!V`;:FEt>@:�G 5 ?F8�=�?(<2] m
B J�E�9;[;]o^�G 5 E@N;EIE@c2`fA























1 2 3 4 5 5 6 6 6
1 2 3 4 4 5 5 5 6
1 2 3 4 4 4 5 5 5
1 2 3 3 3 4 4 4 5
1 2 2 3 3 3 4 4 4
1 1 2 2 2 3 3 3 3
1 1 2 2 2 2 2 2 2
0 1 1 1 1 1 1 1 1













































L A L A A B A A B
A L A L B A B B A
L A L A A B A A B
A L A L B A B B A
L A B A A B A A B
A B A B B A B B A
A B A B B A B B A
B A B A A B A A B























� ?(D![\ER^ 5 B � !�D2N-G@G 5 ^ 6 M;^ 5 B � !rJ�E�SU?(8�`;^;Wbdc2`fMaD!^	9�:(8�T 8�SU?(8�=*72<2` ^ B EH[;p2]o[ 5 ^\J
E@N�<�^�6#?(]oGIm G@^;>@N�`*p�{�]!^ 5 T >H[;<*=abd?(] 5 :�GI?(` 
#p!^;] >H^2M�] ?�M[\E@] {-G@^;<��^;]o^;Wb�[;<%M-:�G ?(p2p�?(<�^ 5 �EIJ
p!^;< ^ 5 [\E@] {-G�] :(W�:�GI?(`*<2?(`tSU?(8;6#?(] ?(] m p�?FE��2`�?FE�9�?�G@G 5 72` 
�^ 5 T JL?�VT `tGIN�>fbLJL?�VT `t?(] ?(SU:(<2?(`fM
^ 5 X i JL?�VT `�:(G�^ 5 Y j JL?�VT `�p�?FE��;bd? 6#?(] ?(]-SU?(8}[\E@] {-G%pf?Ibd?(8�= 5 :�GI<2:(]�? 5 ?(` SU?(8�?(8�=�? 5 <2?(`�� A� ~\9�?FE@`;? 5 :�GI`�:(W2W�?(8�=�B � ! (b, b, a, a, b, a) A

�h���2�h��.�'*)�021�0�Q3 V*To<2^;SUTo`*c!G W2>@N�8�>H^;SUN 5 [�GIT�?(] b�[;>H[�GID2N 5 bd?(] ~�] bd? Fi(x, y) 
 x, y ≤
∑

pi �	^ 5 E�^wSUTo<ToSK[;] ToG}~-G@G 5 ?(8�?FE�Mf^;SU?(] =;?FE ?(] :(>@D2?FE@72<2`x^ 5 ?(]oGIm i S c2<2`\^w7E@?(SU? 5 :�GI?
cEH[;<q^UD!^;>@SK^�VT `K8�:(W�?(<jD!^K^ 5 ?(]oGImU`;:FE	8�:(W�?(<x^ 5 ~-G@G 5 ?(8 ] ?(8;6#?(] bd?(p2p x :�G y A3	5

F1(x, y) :(>IE@:(`�? 0 M!D!^K^ 5 ?(]oGImKS c2<2`\^U`*ToGI?(p2p%M!SUT <�E max{x, y} :�G p1 ?(8�=�:(pJ
`;:(<-E�A

� �



3 E@N\9\[;p2p2T;:(>IE@:(`;?(` ^ 5 Fi+1(x, y) = min{Fi(x−pi+1, y), Fi(x, y−pi+1), Fi(x, y)+
pi+1} >@?(`*c2> 5 T {a9;^\]tD!^\EH[;>@N 5 D!^\E@{-^\` SU?(8!A 3 >@?(`*c2> 5 T {�<![;]tD!^�G 5 <![;] E4G 5 :FE@9\[;]o^�G 5 EH[�G
^;]o^;Wb�^U^ 5 MD2N�8�=�^ 5 i+ 1 JL?�VT `wStc2<2`;[\E�SU?(] =*T `�8�:(W2>@? 7E@?(SU? 5(5 72`fM2D!^U^ 5 ?(]oGImU8�:(W2>@?
^ 5 ?(]oGImQ:(>IE@:(`*D2? 5 bdcE@c2<2` 
�^;SUT!?(8�= SK[;>�SU?(8�N�]oVN;EIE�W2>@N�p2] :(SK^�N�WE@T S c2SK^ � M-D!^Q^QSK[\J
GINVT `*>H^x^lSK[�GINVT `*D2N 5 MRD!^l^lD!^;>@SK^�VT `*>H^x^xD!^;>@SK^�VT `*D2N 5 A & 8�=4? 5 ?(`|SUT <2T S c2SK^
] ?�G 5 ^ 5 Fi+1 :(>IE@:(`;?�A3	5 N�WE@T SK[;] ToGjSU?(8�N�]oV2[�G�zF:(] 6#728�8�9�:(<-=�:(>IE@:(`�:FEj^ 5 cE@N�]oGI{ Fn 6#728�8�9;:(<*=�^;]o^;W2b�[;<
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i∈C

f(i)dT (i) + f(a)dT (a) + f(b)dT (b)
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^ 5 �;b `�{Vc2<2`w`�~�] EHGI:(8�?
∑

i∈C

f(i)dT (i) + f(a)dT (b) + f(b)dT (a).
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f(a)dT (a)+f(b)dT (b)−(f(a)dT (b)+f(b)dT (a)) = (f(a)−f(b))(dT (a)−dT (b)) > 0.
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• ��EH[;<!^K^ 5 (D) �xk�
 � B �	3 �fM!^UzF:(] 6#728�8�9�:(<*=K<2?(SCbdN�p2pqSUT <-E CEL A
�%� u�� .�'*)�021�0�q3 SU?(8�N�]oV2[�GIN�`\^aE i1 < i2 < . . . < im 6#N�>@SK[;p!^;<X`�?(>@?�G@GI72`fM�^

SU?(8�N�]oV2[�G�E@:(> W�N�<-E�b�^;T Ew^n`*T 9\[;]o^�G 5 E@N;EIEUW�:(< 5 :(>@SU:(`�9�?(`-E@N�>H^;`�:F<-E Y >�bdc2`X] ?�M ^n`�:FEwVp� 6#N�>@T <-E@N-G�E SU?(8�`*72] ~�<*p�~ 5 E@?FE�bd72`fMh^ 5 ?(8�=*T `�?FE�Mh^;SU?(] =*T `;?FEQ^�GIN�>@p!^;<l?(] m�>@? 9;?�G@G 5 72` 4′
bd?(] ~�] T�A
• 3	5 3��	3 
 � B �	JLp!^K^ 5 
 � � M�
 ��� �rSU?(8�N�]oV2[�GI`�? 5 V?(SU:(<-=�?(`w`�?F>@72] <2?(`jp�?�A k�`*`�N�>
^ GFK 
#] ?(8abdN�p2p�ToGISU?(>IE SU?(8�N�]oV2[�G � :(>IE@:(`�?w9;:(8;E@?(] ?(<%A 3	5�3��	3 
 � B �	JLp2^;<
^K6#728�8�9�:(<*=;:(>IE@:(`�?(` AK((5)) = 1 + d(8 − 5)/4e = 2 M FK((5)) = 1 + d(8 −
5)/1e = 4 AK((4′)) = 1+d(8−4)/4e = 2 M FK((4′)) = 1+d(8−4)/1e = 5 A

• 3	5 FK G 5 ?(>@T <-E@ThSUT <2T S c2SUN-G�GIN�>	^ 5 (5) `;? 5 V?(SU:(<*=-E	^�V\b�^U`*T�A
• 3	5 3��	3 
 � B �	JLp!^�^ 5 (5, 2) SU?(8�N�]oV2[�GI`;? 5 V?(SU:(<*=	`;?(>@72];p�?�A�k�>@>@? AK((5, 2)) =
2 + d(8− 7)/1e = 3 M FK((5, 2)) = 1 + d(8− 7)/1e = 3 A

• 3	5 FK G 5 ?(>@T <-E@ThSUT <2T S c2SUN-G�GIN�>	^ 5 (5, 2) `�? 5 V?FSU:(<*=-E}^�V\b�^ `*T�A
• 3	5 3���3 
 � B �	JLp!^ ?(8�=�?FE@] ?(<qSU?F8�N�]_V[�GI`�? 5 V?(SU:(<*=K`�?(>@72]hp�? ^ 5 (5, 2, 1) M!?(>@>@?
AK(5, 2, 1) = FK(5, 2, 1) = 3 MR:�G�EH^;]o[;] E@c2<2`4?(8�=4SU?(8�N�]oV2[�G�E�A 3	5 ^;`-E@c![;] ToG
N�WE@T SK[;] ToGrSU?(8�N�]oV2[�G (5, 2, 1) ^ D2N 5(5 [ EH^;>IE@N 5 { 
 � � :(>IE@:(` 3 A

• 3	5 FK G 5 ?(>@T <-E@TfSUT <2T Stc2SUN-G�GIN�> ^ 5 (5, 2, 1) `�? 5 V?(SU:(<*=-E�^�V\b�^ `*T�M*<2?(S `;?(>@72]
�;b ?(] ?(SP^ 5Q3��	3 
 � B �	JLp!^2A

• 3	5 FK G 5 ?(>@T <-E@ThSUT <2T S c2SUN-G�GIN�>	^ (4′) `�? 5 V?(SU:(<-=-E}^�V\b�^ `*T�A
• 3	5�3��	3 
 � B �	JLp!^q?(8�=�?FE@] ?(<|SU?(8�N�]oV2[�GI`�? 5 V?(SU:(<-=l`�?(>@72]�p�? (4′4) M�EH^;]o[;] c2<2`
?(8�=wSU?(8�N�]oV2[�G�E	^ (4′, 4) SU?(8�N�]oV2[�G�E�ARk 5 E	SU?(8abd?(8�=�? 5(5 72`fM:(G GFK = 2 A
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• 3	5 FK G 5 ?(>@T <-E@T�SUT <2T S c2SUN-G�GIN�>�^ 5 (4′, 4) `;? 5 V?(SU:(<*=-EQ^�V\b�^�`*T�Mf<2?(S `;?(>@72]
�;b ?(] ?(SP^ 5Q3��	3 
 � B �	JLp!^2A

• 3	5t3��	3 
 � B � 72>@?�G(M2^ 5 ?(] b�[;>H[�G 9�:(8�?FE�:(>�A
�%�_�h�X.�'*)�021�0� �xT <!V|^jSU?(8�N�]oV2[�G�E@:(>�MhSUT <!V|^jW2>@N�p2] :(SK^�GIW�?�zFT #!`*c!G}6#728�8�9�:(<-=�?(`

V?$#!<2YozFT {;b�^ SU?(8�?(8�=;? 5 T `K^ � A � A�6#?(]o^�V2^\E@p!^;<wSU?(8-^�VN;EIEH^;]�A��LEIE	^t`�N�>@]o[\E@N 5 {�6#728�8�9�:(<*=;?FJ
`;?FE�`�?(] ]�V?$#!<2To[;] <*c2<`hA 3	5 ^;]oGI{�`;N�>@]o[\E@>H^K<2?(S ^�VD!^\E@{ bdN�p2pl6#728�8�9�:(<*=�MfSUT <-EQ^�SK[;>
D![\E@T 5 G@[;`*p!^;<�] ?(9�m EH[;>@8�=�^;`K~-G@G 5 D!^�G 5 <2N-GIG@[;8�^2A 3	5 ^ 5

AK((i1, . . . , im)) =
m
∑

j=1

fij .

� ?(]oGIm�`;N�>@]o[\E@N;E bdN�p2p!^\E�^�VD!^\E@c2<2`fM�SUT <-E�^KE@>@T 9*To[;] ToG@^;<x^�V{2V{K~-G@G 5 ?�G}^KD![\E@T 5 G@[;`-J
p�{�]r<2?(S/`*T 5 [;>IE EH[;>@8�=|~-G@G 5 D!^�G 5 <2N-GIG@[;8�^2A � ?(`*T <-EHGI72`X^ 5 Ew^n9\[;] E@N 5 ^\E@N;E 
_E@~�>@?�V:(`�?�G
D![\E@T 5 G@[;`xW2>@N�p2] :(SK^ � M�^;SU?(] =*p�?(<|^�EH[;>@8�=-^;`q>@:�G 5 ?(TRpf?(>H^;`*D!^\E@{-^\`l^jD2[\EHT 5 G@[;`*p!^w:�GQ^
EH[;>@8�= �*JL?�V�>@:(G 5 :(<2?(`�^ D!^�G 5 <2N-G@G@[;8-^ ^ 5 ?(>@?�V?FE@ThD!^�G 5 <2N-G@G@[;8 G 5 N�>@N 5 9\^ x J�?(]�A �	=*T ] 9;[;<
? 5 ?(<4W2>@N�p2] :(SK^�N�WE@T SK[;] ToG�SU?(8�N�]oV2[�G@^w<2?(S ^�Vn`*ToGI?(p2p4D!^�G 5 <2N-G@G@[;8;N;E�MhSUT <�E ^ 5 ?(>@?FJ
V?FE@T�W2>@N�p2] :(SK[;:�A	B%?(8�=�?(<x? 5 ?(<xW2>@N�p2] :(SK^KSU?(8�N�]oV2[�G@^K^ 5 I EH[;>@8�=*D!^;] SK^ 5 N;<%M!?(8�= W
`\^;W!^�zFT EH[�G ��D![\E@T 5 G@[;`*`;^;] OPT (I,W ) A�k�`*`�N�>

FK((i1, . . . , im)) =

m
∑

j=1

fij +OPT ({im + 1, . . . , n}, S −
m
∑

j=1

sij ).

3 D2D2N 5 M-D2N�8�=U^ 5 ?(] b�[;>H[�GIc2<2` D!^\E@:(`;N�<*= ] ?(8�=;?(<wG 5 72`GI:(8�?�G�^ 5 OPT (I,W ) :(>IE@:(`�?FJ
`;?FEQD!^\E@:(`�N�<-=-^;<lSU?(8�D!^\EH[;>@N 5 <2T�AQk 5 ?(<4W2>@N�p2] :(SK[;>H^�^�SUN�D2{j?(] b�[;>H[�G}N�WE@T SK[;] ToG SU?FJ
8�N�]oV2[�G�E�^�V 
�^}EH[;>@8�=-^;`\^aE�GIN�>@p!^}>H^;`abdc2`tz(GI~�`*`�?(<2m}>@?(]o^\E@Y 9tD!^�G 5 <2N-G@G@[;8}G 5 ?(>@T <-E 
 fi/si � M
:�GrY 8�=KE@~�] E�bd72`j^ D![\E@T 5 G@[;`�N;E�M^;SUY 8Upf?�<2?(S E@?(] T `�� A3 `�?(>@?FE@?(] b�[;>H[�G�E�SUT <2T SK^;] T 5 [;]o[�GIT�W2>@N�p2] :(SK[;>H^j^�V*EH[;`lSU?(8!A 3 zF:(] 6#728�8�9;:(<*=-E −1J
?(]�G 5 N�>@N 5 9\^U^USK^��T S c2SPW2>@N�p2] :(SK[;>@{�]%[\EIE@:(>@D2?FE@72<2`jSUT <2T S c2S W2>@N�p2] :(SK[;>H^Ar�l[�GIT `
] ?(D2?FE@m-GI:(84^ 5 ?(] b�[;>H[�G ?(8�=G 5 ?(>��XSU{VN-GIY EH[�G@^2M�SUToG 5 ?(>@T <-EK^ 5 ^;`-E@c![;] ToG N�WE@T SK[;] ToG SU?FJ
8�N�]oV2[�G�E�^;`*`;N�> Y >�bdc2`K6#?(] 72]�M2D!^U^ `;^;W�N;EIE	zF:(] 6#728�8�9;:(<*=*72<2`K<!^;8�=�N�p2p%A � N\9\[;p2p![2M^;`*`�N�>
E@c!V\bdc2`fMfDN�8�=j?(8�=jSU?(8�N�]oV2[�GI`;? 5 V?(SU:(<*=*<2?(`w<2T <!z(G	6#N�] =-EH^\EH[�G@^2M2D!^w^K6_?(]oGIm�`;N�>@]o[\E	`*T J
GI?(p2p%MSUT <-E}^ 5 ToGISU?(>IE	] ?(8abdN�p2pjSU?(8�N�]oV2[�G(A3 `�~\9;?FE@`�? 5 m W�:(]oV2[;p!^;<j? 5 E}^ SU{2V2G 5 ?(>IErD!^�G 5 <![;] bdc2`fA

�%���%�}.�'*)�021�0� � ?(] ~�] bd?�^ EH[;>@8�=�^;`;^aE A = (4, 6) B = (3, 5) C = (2, 3) D = (2, 3) e� ?(]oGImU`�N�>@]o[\E�G 5 ?(>@T <-E@ThSK^��T Stc2S W2>@T N�>@T EH[�GIThGIN�>IE�D!^�G 5 <![;] c2<2`fA
• 3	5x3��	3 
 � B �	JLp!^4^ 5 
 3 � M 
 � � SU?(8�N�]oV2[�GI`�? 5 V?(SU:(<-=�?(`fM�^;`*T `�?(8�=*p�?(< SU?FJ
8�N�]oV2[�GIN�`�`�?(>@72] <2?(`qp�?�A k�`*`�N�> ^ GFK 
#] ?(8abdN�p2plToGISU?(>IE SU?(8�N�]oV2[�G � 6 A 3 SUT J
`�N�>Q^ (C) :�G (D) SU?(8�N�]oV2[�GI`;? 5 V?(SU:(<*=�?(`;?FE�9*T 5 GI8-[;] E@c2` GFK ≥ FK(C) :�G
GFK ≥ FK(D) [;] ] E 6#?(<2<%M�Y 8�=|<2?(SZ`�?(>@72] E@?(`|p�?�A 3	5q3��	3 
 � B �	JLp!^;< ^
`�N�>@]o[\E@N 5 {t6#728�8�9�:(<-=�?(`
AK((A)) = 6 M FK((A)) = 6 + 5 + 3/2 = 25/2 AK((B)) = 5 M FK((B)) =
5 + 3 + 3 = 11 A
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• 3	5 FK G 5 ?(>@T <-E@ThSK^��T S c2SUN-G�GIN�>�^ 5 (A) `�? 5 V?(SU:(<*=-E	^�V\b�^U`*T�A
• 3	5 (A,B) SU?(8�N�]oV2[�G(MfY 8�= GFK = 6 + 5 = 11 A 3	5 ^;`-E@c![;] ToG}N�WE@T SK[;] ToG SU?FJ
8�N�]oV2[�G�E	6#?(] 72] Y >�bdc2`fA�� ?(`;?(>@72]R^ 5 3��	3 
 � B �	JLp!^2A 3 `;N�>@]o[\E@N�` AK((A,B)) =
11 M FK((A,B)) = 6 + 5 + 3/2 = 25/2 A

• 3	5 (A,C) SU?(8�N�]oV2[�G(M;:�G FK(A,C) = 6+3+3 ≥ GFK = 6+5 M�Y 8�=tpf?(`;?(>@72]
^ 5Q3��	3 
 � B �	JLp!^2A 3 `�N�>@]o[\E@N�` AK((A,C)) = 9 M FK((A,C)) = 12 A

• 3	5 FK G 5 ?(>@T <-E@ThSK^��T S c2SUN-G�GIN�>�^ 5 (A,B) `�? 5 V?(SU:(<*=-E	^�V\b�^ `*T�A
• 3 # �2`*>H^ (A,B,C) :�G (A,B,D) <2?(S B%k v k � �xk�
 � M2Y 8�=K<2?(S `;?(>@72] <2?(`Kp�?
^ 5Q3��	3 
 � B �	JLp!^2A

• 3	5 FK G 5 ?(>@T <-E@ThSK^��T S c2SUN-G�GIN�>�^ 5 (A,C) `;? 5 V?(SU:(<*=-E	^�V\b�^U`*T�A
• 3 #�^ (A,C,D) SU?(8�N�]oV2[�G(MaY 8�= GFK = 6+3+3 = 12 A 3	5 ^;`-E@c![;] ToG�N�WE@T SK[;] ToG
SU?(8�N�]oV2[�G�Er6#?(] 72] Y >�bdc2`fM!^ SU?(8�N�]oV2[�G p�?(`�?(>@72]%^ 5Q3��	3 
 � B �	JLp!^2A

• 3	5 FK G 5 ?(>@T <-E@T�SK^��T S c2SUN-G GIN;>�^ 5 (A,C,D) SK^\b�Vn^ (B) `�? 5 V?(SU:(<*=;?(`�?FE
^�V\b�^ `*T�M2SUT <!V`�?FEIE@m�>@?Q^ 5 FK :(>IE@:(`w<2?(S <!^;8�=�N�p2p%M*SUT <-E GFK A

• 3	5t3��	3 
 � B � 72>@?�G(M2^ 5 ?(] b�[;>H[�G 9�:(8�?FE�:(>�A
���%� � 	 � 	L !"y,*�� 	 � 	 ����	 �2�- �)���a !"

���%�����i.�'*)�021�0� ��?(8�=*72<2`4?(8�=4?(S p�?(>IE A J�E�elk�`*`�N�> A JL>H^jE@?(] bd?�GI72]�M�D2N�8�=49\^;8�=
9\^;<�D![;>@N�S ?(Stpf?(>�M*D2N�8�=KSUT <!V?(8�=*T `;?FE�ToGISU?(>@Tf9\^;8�=K9\^;<�D![;>@N�SqM*D2N�8�=K?F8�=T `;?FE�GI?(SqAv ^�9;^;<UD![;>@N�SC?(S p�?(>�M�D2N�8�= SUT <!V?FE ToGISU?(>@T�M�] ?(8�=;?(<2?(` m�` B,C,D A v ^�9;^;< B,C,D
`;~ 5 ~;EIE `�?FEIE@m!M*^;`*T!ToGISU?(>@T�?(8�=*SK[�G�E�M-^;`*`�N�>�? 5 ?(<w`�:FE ?(S p�?(> :�G A SU?(8-^�VU?(8�= `�?(>@?�GI?FEIE
D![;>@SK^�G�E�A v ^ B,C,D `�~ 5 72]�GI?(SU?(] =*T ` `;?FEIE@m <2?(S ToGISU?(>@T!?(8�=*SK[�G�E�M-^;`*`�N�>�^ B,C,D
D![;>@SK^�GR>@?(<!V?(] `�? 5 T ` ^�`*Y 9\[;<-E�E@c2]o^;b�VN�<!G@[;8�8-^;]�A 3	5 ^ 5 ?�GI? EaM�D!^ A JL>H^ 9\^;<KD![;>@N�S ?(S J
p�?(>�M2^;`*T `�?FE�<2?(S ToGISU?(>�D!^�GIN�<2] {-^;<�`�? 5 ?(] D2?FE@m!A 3 8�>H[\6�?�GI?FE@:(<x^ 5 [;] ] Y EH[�G�^ 5 E�SUN�<!V\b�^
`*T�MaD2N�8�=}9;^;8�=}9\^;<t^	8�>H[\6#p!^;<�D![;>@N�S W![;>@N�<2`�:(<�E�~-G@G 5 ?(`�~;E@~;EIE%W�N�<-E�
#D![;>@N�SKG 5 ~�8 ��9\^;8�=
9\^;<4D![;>@N�S W�N�<-E�M�^;SU?(] =;?(`l`�~ 5 72]�GI?(SU?F]o=*T `x`�?FEIE@mq<2T <!z(G�~-G@G 5 ?(`�~;E@9�? 
#D![;>@N�SKG 5 ~�8j^
`;N�SUW2] ?(SU?(<-E@?(>�8�>H[\6#p!^;<� A

���%�_gh� .�'*)�021�0� ^ ��B%?(8�=�?(<2?(` ^�8�>H[\6fWfN�<�E�b�^;Tf^�S c2<2`\[�GIN�` :�G ^QStc2<2`;[;`fARB%?(8�=�?(<
?(8�=|:(]�SUT <!V?(< Stc2<2`;^n:�G SUT <!V?(< S c2<2`\[�G `�~ 5 ~;EIE�M ^ 5 :(]�G �2] =-^4^ cij :(>IE@:(`fA � ?FJ
]o^�V2^\E@c2<2`�`*T 9;[;]o^�G 5 EH^;<2T :(] ?(`X?(8�=�N�] =-^;< D!^;] SK^ 5 [\E�M ^;SU?(] =�SUT <2T SK[;] ToGU~-G@G 5 G �2] =�� :�G
EH^;>IEH^;] SK^ 5(5 ^ ^ 5 ~-G@G 5 ?�GrStc2<2`;[\E�A

p�rk�8�=jN�WE@T SK[;] ToG�SU?(8�N�]oV2[�G�E�SUN�D2{KSU{V2G 5 ?(>@>@?(]h`\^;W2D!^\E@c2<2`fA �xT <!V?(<xS c2<2`\[;>H^
`*T 9\[;]o^�G 5 E�bdc2`�^ 5 E}^ 5 :(] E�M!^UStc2<2`;[\E�EH^;>IEH^;] SK^ 5 { :(] ?(`�`�~ 5 72]%^;SUT >@?�SUT <2T SK[;]oToG	^UG �2] =�A
k 5 N�WE@T SK[;] ToGrSU?(8�N�]oV2[�G�E�^�VhM2SUT 9;?(]%SUT <!V?(<q:(]%W�N�<-E@N-G@^;<�?(8�=wS c2<2`\[\E�EH^;>IEH^;] SK^ 5 A

z�� 3 6#?(]o^�V2^\E@N;E�c28�=-^;<!^ 5(5 ^;]R^�8�>H[ �h^;]�>@?(W2>@? 5 ?(<-EH[;] D!^\E�bdc2`fM%V?U^qzF:(]RN�] =-^;<n:(] D!^;] J
SK^ 5 N�`Q`�~ 5 72]2^}SUTo<ToSK[;] ToGR~-G@G 5 G �2] =�� D!^;] SK^ 5 `*T 9\[;]o^�G 5 EH[�G@^M;^;SU?(] =�?(`QSUT <!V?(<UW�N�<-E@N;E
^ 8�>H[\6#p!^;<�W�N�<-E@N-G@^;<j?(8�=G 5 ?(> EH^;>IEH^;] SK^ 5 <!^;` 
#SUT <2T SK[;] ToG	G �2] =��qW![;>@N-GIY EH[�G � A

V���k `*`;N�> ^Q8�>H[\6hToG 9\[;] E@N 5 T `fA � ~�>@~�] bd72`U^ 5 N�`\^\E ^ 5 :(] ?(`;?FE�M^;SUT ` N�] =-^;<US c2<2`;[\E :�G
Stc2<2`;[�G�E�`�~;E@<2?(`w~-G@G 5 ?�M^;SU?(] =�?(`*>@?�^ S c2<2`;[�Gr<2?(S 9�:(8�? 5 D2?FE@Th?(]�^ S c2<2`\[\E�A

��



���%�os%� .�'*)�021�0��3 8�>H[\6rW�N�<-E�b�^;T ^ 5 (x, y, z) ?(8�:�G 5 G 5 [;SUD![;>@SK^�G�N�`fM�^;SU?F]o=;?(`*>@?
k1 ≥ x ≥ k2 M p1 ≥ y ≥ p2 M z1 ≥ z ≥ z2 A k�8�=yT ] =�?(< WfN�<�Ex^ 5 Eq^ 5 ^�G 5 EH^;] E
>@?(W2>@? 5 ?(<�EH[;] b�^2M*^;SU?(] =�?(< x `�:F`hM y W2T >@N-G :�G z 5 ~�]oVKWfN�<�Er9\^;<%A 3	5 :(] ?(`K^ 5 Er^�V\b�[;`USU?(8
D!^t?(8�=UWfN�<�E@<!^;`KSU?(8;6#?(] ?(] m ^�G 5 EH^;] p�{�]�SU?(8�`\^;W2D!^\E@{ ?(8�=USK[�GIT `fM*Y 8�=K^ 5 (x, y, z) W�N�<-E
G 5 N�SKG 5 :�V\b�^;T (x, y− 2, z− 3) M (x− 2, y− 3, z) :�G (x− 3, y, z− 2) A 3 6#?(]o^�V2^\E�M*D2N�8�=
SU?(8-[;] ]o^;W2Y EHGIc2`49\^;<�JL?j^ (k1, p1, z1) W�N�<�EHp�{�]r^ (k2, p2, z2) W�N�<-E@p!^ �E :�G D!^l9;^;<%M
^;`*`;N�>rD!^\EH[;>@N 5(5 c2`KSU?(8K^ SUT <2T SK[;] ToG�D2N-G@G 5 �E�A� N�<-E@N-G�SU?(8abd?(8�=�? 5 <*72<2`fM2D2N�8�=�?(p2p�?(<l^ 5 ?�GI?FE@pf?F<xSUT <!V?(<l] ?(D?FEHGI:(8�?�G �E DN-G@G 5 ^
c28�=�^;<!^;`*`�N�>@^2M2SUT 9�?(]�^ 5 ^�G 5 EH^;] N�<q] ?(9�mw8�N�] =;{�`jG 5 [;SK^USUT <!V?(<l] :(Wf:�GIp�?(< 5 J�E@?(]�z(GI~�`-J
`;?(<%A

���%� u�� .�'*)�021�0�Q3 8�>H[\6%W�N�<-E�b�^;Th^ 5 (x, y, z) G 5 [;SUD![;>@SK^�GIN�`�M*^;D2N�]�SUT <!V?(<j`�N�S J
W�N�<2?(<!GR<2?(SU<2?(8-^\E@Y 9Q?(8�:�G 5 :�G x+y+z = 42 A 3	5 :(] ?(` ^ ] ?(D2?FEHGI:(8�?�GR[\E@9;[;] E@N 5 [�GIN;`*<!^;`
6#?(] ?(] <2?(`|SU?(8!A � ?(D![\E (x, y, z) JL<2?(`|D![;>@N�SZG 5 N�SKG 5 :�V\b�^x] ?�G 5 (x − 1, y − 1, z + 2) M
(x− 1, y + 2, z − 1) M (x+ 2, y − 1, z − 1) A 3 6#?(]o^�V2^\E�MD2N�8�=USU?(8�D!^\EH[;>@N 5(5 c2`U9\^;<wJL?
^w8�>H[\6#p!^;<l^ (13, 14, 15) WfN�<�E@pf{�]R^ (42, 0, 0) M (0, 42, 0) M (0, 0, 42) W�N�<-E@N�`q9\^;]o^;SU?FJ
] =*T `;:(pf? �E�M2:�GrD!^U9\^;<2<!^;`wT ] =;?(<qcEH^;`�^�V\bdc2<2`�SU?(8U?(8�=w] ?(8�>@~\9*ToV?(p2p�?FE�A3	5 T <*9\^;>@To[;<!G}`�?(>@?�GI:�G}SU{V2G 5 ?(>@:(9�?(]�T 8-^ 5 N�] D!^\E@{j^ 5 [;] ] Y EH[�G(A ��?(8�=*72`x:�G 5 >@?�MhD2N�8�=
^|SU?(8�?(<28�?(V?FEIE�] :(W�:�GI?(` GIN�>H[;< ^ 5 (x − y, y − z, x − z) G 5 [;SUN�`XD![;>@N�SUSK^;]�9;^;] {
N-G 5 EH[�GISK^;>@^�V:(`\^ <2?(SP9;[;] E@N 5 T `fA 
 3	5 ^ 5 ? 5 ^ E@c2]o^\b�VN�<!G@[;8w^USU?(8�?(<28�?�V?FEIE	] :(W�:�GI?(`*>@?
<2: 5 9;? T <*9\^;>@To[;<!G(A � � ? 5 V?FE@p�?(<%Mh? 5 ?(<lN-G 5 EH[�GISK^;>H^;V:(`�N;` (2, 2, 1) Mh:�G SUT <!V?(<n`*Y 9;[;<�E
9;:(8-[;] ]o^;WfN;E@p!^;< (0, 0, 0) M2Y 8�=�^ 9�:(8-[;] ]o^;W�N;E@N�`U?(8�=*T `�?�GI?(S :(>@D2?FE@mU?(]�A

���%�_�h� .�')�01R0*�n3 8�>H[\6�W�N�<�E�b�^;T ^ 5 (x, y, z, w) G 5 [;SU<:(8�=�?�GI?(`fM ^;D2N�]	SUT <!V?(<
`;N�SUWfN�<2?(<!GU<2?FSU<2?(8-^\E@Y 9 ?(8�:�G 5 :�G x + y + z + w ≤ a + b + c + d A 3	5 :(] ?(` ^
] ?(D2?FEHGI:(8�?�G [\E@9\[;] E@N 5 [�GIN�`-<!^;`n6#?(] ?(] <2?(`�SU?(8!A � ?(D![\E (x, y, z, w)JL<2?(`�~;EKG 5 N�SKG 5 :�V\b�^
] ?�G 5 (x−1, y−1, z−1, w+3) M (x−1, y−1, z+3, w−1) M (x−1, y+3, z−1, w−1) M
(x+3, y−1, z−1, w−1) M (x−1, y−1, z−1, w−1) A 3 6#?(]o^�V2^\E�M\DN�8�=�SU?(8�D!^\EH[;>@N 5(5 c2`
9\^;<�JL?Q^U8�>H[\6#p!^;<j^ 5 (a, b, c, d) WfN�<�E@p�{�]�^ (0, 0, 0, 0) W�N�<-E@p!^ �E�A

���%���%� .�'*)�021�0� � N�<!G�E@>@c![;] bdc2<2` ^46#?(]o^�V2^\E@D2N 5 ?(8�=X8�>H[\6#N;E�A 3 8�>H[\6�z(G �!z(G@^;T	^
G@^;`*`-EH[;p2]o^qSU? 5 m�T�M�`�:FE n JL<:(]r<?(S <!^;8�=�N�p2p|WfN 5 T E@Y 9|`;NN�>HVT <![\EH[\pf{;] [;] ] {l9�?(`-E@N�>@N�`fA� :FE�z(G �!z(G}~-G@G 5 ?t9\^;<l`�~;E@9;?�MfD!^�^wD-c!G 5 [;>�[\E@] :(W2D2?FE ?(8�=*T `*p�m�]R^KSK[�GIT `*p!^2A � ?(D![\EQ^ 5
(x, y) G 5 N�SKG 5 :�V\b�^;Th^ 5 (x− 1, y + 2) M (x− 1, y − 2) M (x+ 1, y + 2) M (x+ 1, y − 2) M
(x + 2, y − 1) M (x + 2, y + 1) M (x − 2, y − 1) M (x − 2, y + 1) W![;>@N-GIN;`j`�~ 5 72]R^ 5 N�`fM
^;SU?(] =;?(`*pf?(< SUTo<2V`�:FEw`�N*N�>HVT <![\EH^nW�N 5 T E@Y 9X:�GU<2?(S <!^;8�=�N�p2p%M�SUT <-E n A 3 6#?(]o^�V2^\E
SU?(8;EH^;]o[;] <2T%^ ] ?(8�>@~a9*ToV?(p2pjcEH^\E	^ 5 (1, 1) WfN�<�E@pf{�]%^ 5 (u, v) W�N�<-E@p!^2A

� '�-&('� �%��,*� 3 �� A � J � � A ) 6#?(]o^�V2^\E@N�`*<![;]�D!^�G 5 <![;] E SU{V2G 5 ?(> SUT <!V?(<�N�] =-^;<w?�GI? E@J
p�?(<lD!^�G 5 <![;] D!^\E@{!M�^;D2N�]�^ 5 E}`�?(] ]�?(]oV~�<-E@?(<2T�M�D2N�8�=j9;^;]o^;SUT ] =;?(<x`*T T <!Vc2]o[�GIT�`�N�<�#!8�c2>H[\J
zFT {�p�{�]f?(] bdcE@D!^\E@c2<2`wJL? 9�:(8�`�N�<�#!8�c2>H[;zFT {�` 9;^;]o^;SU?(] =*T `�:(p�?}9;^;]o^;SU?(] =U]o:FWf:�GI?(`w^;]o^;W2b�[;<%A
k�`*`;N�>}^U8�>H[\6#p!^;<x^Kz(G �!z(GIN�`�^U] ?(D2?FEHGI:(8�?�G�`�N�<�#!8�c2>H[�zFT {;`fM:(]�SU?(8�=�`;:FE z(G �!z(G�`�~ 5 ~;EIE
D!^ `�~ 5 9;?FE@] ?(<*72]h?(8�=w] :(W�:�G@GI?(]%[\E	] ?(D2?FE	] :(W2<2T�^ 5 ?(8�=*T `K`�N�<�#!8�c2>H[�zFT {�p�{�]f^ SK[�GIT `p2^2A

���%���h��.�'*)�021�0�t3 `\^;Whz(GIN�]o^\E@SK[aEH>IT ��^ `�~a9�?FE@`�? 5 m!A

� �

















0 1 0 1 0 1
0 1 1 1 0 0
1 0 0 0 1 0
1 0 0 1 0 0
0 1 1 0 0 1
1 1 0 0 1 0
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3 D!^;] SK^ 5 6#728�8�9�:(<-= �
rE(1) = {2, 4, 6} M rE(2) = {2, 3, 4} M rE(3) = {1, 5} M rE(4) = {1, 4} M rE(5) =

{2, 3, 6} M rE(6) = {1, 2, 5}
�������%��,*)�'*����,��� ���X,*)��%�a, ���"f' 	\'*��,*� �

���������w.�'*)�021�0� � ?(8�=*72`w6#?(]�MfD2N�8�=q^K`*T�T E@?(>H[�zFT {K<2~\9�?(`*9;mwT <!V? �lG 5 ?(>@T <�E 9;?�G 5 T�^
W�N�<-E@N�`\^\E�A � ? 5 V?FE@p�?(<4^ 5 ^;] 8�N�>@T E@S c!GIp!^;< D(1) = 0 M Apa(1) = Null A Sor = 〈1〉 A
��EH[;<!^
• � T bd~�< 1 SK^;b�V D(2) = 1 M Apa(2) = 1 M D(4) = 1 M Apa(4) = 1 M D(6) = 1 M
Apa(6) = 1 :�G Sor = 〈2, 4, 6〉 A

• � T bd~�< 2 SK^\b�V D(3) = 2 M Apa(3) = 2 :�G Sor = 〈4, 6, 3〉 A
• � T bd~�< 4 :�G Sor = 〈6, 3〉 A
• � T bd~�< 6 SK^\b�V D(5) = 2 M Apa(5) = 6 :�G Sor = 〈3, 5〉 A
• � T bd~�< 3 :�G Sor = 〈5〉 A
• � T bd~�< 5 :�G Sor = 〈〉 A
� ~\9;?FE@`�? 5 :�GI`�:(W2W�?(< δ(1, 5) = 2 A3 SU?(<2<*=*T p�?(<n^ 5 5 WfN�<�E@pf{�]�T <!Vc2] c2<2`fMf^;`*`�N�>�E@?(] bd?�GI?(<lD!^�GIN�<2] {-^;<j`;^;Wbdc2`fM�D2N�8�=

^UGIN�>@>@?(<!V � 5, 2, 3, 6, 4, 1 :�G δ(5, 1) = 2 A
�����_gh�}.�'*)�021�0�	3 ]o^;p2T >@T <-E@c!G�E�8�>H[\6#`�:(<�E�>@?(W2>@? 5 ?(<-EH[;] bdc2`fA 3	5 72>@?�GRSU? 5 m�`t] ?�G 5 <2?(`

^�8�>H[\6*WfN�<�E�b�^;T�M\`;:FE�W�N�<-E�`;~ 5 ~;EIE�:(]-9�? 5 ?FE�MaD!^�?(8�=*T `*p�m�]-[\E�] ?(D2?FE�] :(W2<2T*^�SK[�GIT `*p!^2Ma^ 5 ^ 5
D!^	G 5 N�SKG 5 :�VN-G@^\`fAhk 5 ?(<t8�>H[\6#>H^r9;:(8�>@?(D!^;bLE@c2<2`}?(8�=�G 5 :(] ?�G@GI:(8�T;`;?(>@?�GI:�G�E�M�WfN�<�E@N-G@^;p2p!^;<

� �



<2?(S `;?(] ]%9�:(8�>@?(D!^\bLEH^;<2Tf?(8�=KE@?(] bd?�G	G 5 :(] ?�G@GI:(8�Th`;?(>@?�GI:�G�E	^ 5 ^;] 8�N�>@T E@S c!G SU?(8-[;] ]%^ 5 ?(]oGIm
N�] =�^;< WfN�<�E@<![;]�M-^;SU?(] = ^�]o^;p2T >@T <-E@c!G�G 5 :(] :(<U9\^;<%A 3	5 ^;]o[;p2p2To^;`*p!^;<U^ 5 E ^ 5 ^;] 8�N�>@T E@Stc!G�E
W2>@? 5 ?(<�EH[;] bdc2`fM^;SU?(] =*T `U?(]oV~�<-E@Tf`*T�]o?FD2?FEIJL? bdcE@<2T%^t]o^;p2T >@T <-E@c!GIp�{�]�M*:�G ?(8�=K^t`*T T <!Vc2]o[�GIT
W�N�<-EIE@{�]rSUT <2T SK[;] ToGtEH[a9�N�]oG@[;8�>@^x] ?(9;m4W�N�<�E@<![;]�[;] ]rSU?(8!M�^ 5 ^;] 8�N�>@T E@Stc!GIp!^;<XG 5 ?(>@?(W2] m
GI?(8�:�VT <6#N�>@SK[�zFT {;`w^;]o^;W2b�[;<%M*`�~�<2<*=;?(<qSU?(8�`\^;W2D!^\E@{U^ ] ?(8�>@~\9*ToV?(p2p �E	ToG(A
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�����os%��.�'*)�021�0� �x?(8-^�V\bdc2`�^ D EH[;p2]o[ 5 ^\E@N;E�^ (4, 3) JLp�{�]hT <!Vc2] 9;^2A














Inf 4 Inf Inf Inf Inf
4 3 4 Inf Inf Inf

Inf 2 Inf Inf Inf Inf
Inf 1 0 Inf Inf Inf
Inf Inf 1 Inf Inf Inf
Inf Inf Inf Inf Inf Inf
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(0, 0) (2, 2) (0, 0) (0, 0) (0, 0) (0, 0)
(2, 2) (3, 2) (2, 2) (0, 0) (0, 0) (0, 0)
(0, 0) (4, 2) (0, 0) (0, 0) (0, 0) (0, 0)
(0, 0) (4, 3) (0, 0) (0, 0) (0, 0) (0, 0)
(0, 0) (0, 0) (4, 3) (0, 0) (0, 0) (0, 0)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)















� ?(D![\E	`*Th] ?(D2?FE�bdcE@<2T�M!?(8�=w] ?(8�>@~a9*ToV?(p2p �E}^ (4, 3), (4, 2), (3, 2), (2, 2), (2, 1) A
�x?(8-^�V\bdc2`�^ D EH[;p2]o[ 5 ^\E@N;E	^ (2, 5) JLp�m�]%T <!V*c2] 9;^2A















Inf Inf inf Inf Inf Inf
Inf Inf Inf Inf 0 Inf
Inf Inf Inf 2 1 Inf
Inf Inf Inf Inf 2 Inf
Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf
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(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)
(0, 0) (0, 0) (0, 0) (3, 5) (2, 5) (0, 0)
(0, 0) (0, 0) (0, 0) (0, 0) (3, 5) (0, 0)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (0, 0)















� ?(D![\E	<2?(S ] ?(D2?FE�`*T bLcE@<2T�A
����� u��X.�'*)�021�0� �xT <!V?(8�=*T `x6#?(]o^�V2^\E@p!^;<|^ 5 ^j`;:(>HV:�G(M%D2N�8�=l?(8�=x8�>H[\6 9\^;]o^;SU?(] =

W�N�<-E�b�[;p�{�]%?(]�] ?(D2?FE	JL?�bdcE@<2T�?(8�=�SK[�GIT `�W�N�<-E�b�[;p!^2M!T ] ] ?FE@9;?t<2:(D![;<-=�6#?(]o^�V2^\E@p!^;<x^U] ?(8;J
>@~a9*ToV?(p2pXcEH^\E ToG SU?(8n`�?(] ]r^�V<2T�Ank 5 W�N�<-E@N-G@^;<X^ 5 ^x6#?(]o^�V2^\E�M�^;SUT SU?(8�N�]oVD!^\E@{l^
G 5 :(] ?�G@GI:(8�TR`;?(>@?�GI:�G@GI?(]�A k 5 ?(`*<2:(]�^�6#?(]o^�V2^\E@N�`*<![;]RToGt^qG 5 [;SUY E@N;EIEQ8�>H[\6 >@?(W2>@? 5 ?(<�E [�z To{;E
:(>HV?(SU?�GrD!^�G 5 <![;] <2T�M<2?(SPG 5 72`GI:(8�?�G ?(] m�>@?�SU?(8�D!^\EH[;>@N 5 <2Th^ 5 ?(8�:�G 5 8�>H[\6#N;E�M?(] ?(8�?(<!Vm
SUT <!VT 8K^ 5 ^;`-E@c![;] T_G W�N�<-E}G 5 N�SKG 5 :�V2^;T Er`*ToG 5 [;SUN�] <2T�A
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� ?(`*T <-EHGI72` ^ `;~\9�?FE@`;? 5 m ?(] b�[;>H[�G�E 
�^�z(G �!z(GIN�`\^\E�^ 5 1, . . . , n ?(8�:�G 5 ?(`*<2?(`�6#?(] ?(] E@?FEIE@72`
SU?(8 � A

) �



��	�� � ��� ��	�	 �
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3	5 E�[;] ] Y E�bdc2`fM*D2N�8�= 6#?(<�E@Th?(] b�[;>H[�G�9�:(8�:(<w^ D 6#728�8�9;:(<*=USUT <!V?(<�W�N�<-E@>H^t^t] ?(8�>@~\9*T J
V?(p2p �E DN-G@G 5 [\E ^�V\b�^QSU?(8!A�k 5 E i G 5 ?(>@T <�E@T2E@?(] bd?�G�T <!Vc2`-zFT {\9\^;]2T 8-^ 5 N�] bdc2`fAR�xT 9�?F] 1 JLp�?
<2?(S 9�? 5 ?FE :(]�MR? 5 :(>IE ^ 5 [;] ] Y EH[�Gt^ 5 1 W�N�<-E@>H^q<*=*T ] 9\[;<*9\^;] {-^;<nE@?(] bd?�GI72]�Al�xN-G�E ] ?(8�=�?(<
i ≤ 1 < n :�G	E@?(8�=*72`j6#?(]�MfD2N�8�=q^ 5 [;] ] Y EH[�G}^ 5 1, . . . , i WfN�<�E@N�`*>H^UE@?(] bd?�GI72]�A �d8-^ 5 N�] bdc2`
i+ 1JL>@?�A 3	5 T <!Vc2`-zFT {-G 6#?(] E@?(9;:�G	^;]o^;Wb�[;<q^�V{2VT `fM*D2N�8�=�^ `*ToG 5 [;SUN�] E D(i+ 1) :(>IE@:(`
^ δ(1, j) + c(j, i + 1) :(>IE@:(`�?(`lSUT <2T S c2SK^2AqB%?(8�=;?(< j ^q] ?(8�>@~\9*ToV?(p2p i + 1JLpf?K9�?FJ5 ?FE@m �E@p!^;<|^ 5 i + 1 ?(] m;EIE@T�W�N�<-E�A k�`*`;N�>Q^ 5 �EQD2N-G@G 5 ^w<2?(S ]o?FD2?FEt>@~a9*ToV?(p2p%M%SUT <�E
δ(1, j) + c(j, i+1) M2^;SU?(] =U] ?(8-^;]o[;p2p D(i+1) A��l[�GI>@:�G 5 Er^ D :(>IE@:(`�?(`USUT <!VT 8 6#?(]oGIm
`;N�>@]o[\E�b�^;T `w^U] ?(8�>@~a9*ToV?(p2pjcEH^;`*<!^;`fA � ?(D![\E�T 8-^ 5 N�] E@c2`w^ 5 [;] ] Y EH[�G�E i+ 1JL>@?�ToG(A3 ] ?(8�D2N-G@G 5 ^;p2pUcEH^\ErSU?(8�`\^;W2bdc2`fM-D!^tSUT <!V?(<�:(]oG �2] =-E SU?(8-G 5 N�> 5 c2<2` −1 J�?(]f:�G�Y 8�=
D!^\EH[;>@N 5(5 c2`�SU?(8�^ ] ?(8�>@~a9*T_V*?(p2p cEH^\E�AR�l[�GIT `Q] ?(D2?FE@m-GI:(8!M\D2N�8�=t^ � N 5 ?(] T E�^;] 8�N�>@T E@Stc!G�E
Y >�bdc2`�[\E�M!^;`*`;N�>rY >�bdc2`w6#?(] 72]�^ D :(>IE@:(`;?FE�M2D!^ <!^;8�=�N�p2p!^\Er`\^;W2c2<2`fA

�*u��os%��.�'*)�021�0�t3 ] ?(8�>@~a9*T_V*?(p2pjcEH^;`�G 5 [;SUY EH[�G@^ GIN�>H[;<%A
D(1) = 0 M D(2) = −5 M Apa(2) = 1 M D(3) = −2 M Apa(3) = −2 M D(4) = −9 M

Apa(4) = 3 M D(5) = −4 M Apa(5) = 2 M D(6) = −7 M Apa(6) = 2 A3 ] ?(8�D2N-G@G 5 ^;p2p�cEH^;`fA
D(1) = 0 M D(2) = −5 M Apa(2) = 1 M D(3) = −2 M Apa(3) = −2 M D(4) = −1 M

Apa(4) = 2 M D(5) = 3 M Apa(5) = 1 M D(6) = 4 M Apa(6) = 5 A
�*u�� u���.�'*)�021�0� ��GISU:FE�D!^�G 5 <![;] bdc2`�^ � � A � A�6#?(]o^�V2^\E@p!^;<�ToG�G 5 ?(>@?(W2] m � N 5 ?(] T Er>@:�G 5 J

?(] b�[;>H[�G�E�A � ?(`*T <-EHGI72` ^X`�~\9;?FE@`�? 5 mX?(] b�[;>H[�G�E 
�^ z(G �!z(GIN�`\^\Eq^ 5 1, . . . , n ?(8�:�G 5 ?(`*<2?(`
6#?(] ?(] E@?FEIE@72`�SU?(8 � A

��	���� ��� ��	�	 �����
��	�� � ��� � ����� � � 	

��	 � ��
�� 	�� ��� � ���

�d8-^ 5 N�] bdc2`fM�D2N�8�=q^ 5 ?(] b�[;>H[�G	<2?(8-^\E@Y 9xG �2] =��l`�~�>IE}<2?(S EH^;>IEH^;] SK^ 5 {w8�>H[\6#N�`�?�GI?FE@:(<
9\^;] {�p!^;<�D2?(] =�?�G SU?(8�N�]oV2[�G�EU^�V�9*ToG@G 5 ^2A � ?(8�=*72`46#?(]�M�D2N�8�= j ?(] :(>@D2?FE@m4^l`*T T <!Vc2]o[�GIT
1 WfN�<�E@pf{�]�AUB%?(8�=�?(<4^j] ?(8�>@~\9*ToV?(p2p �E 1 = v0, v1, . . . , vm = j AK�xT 9�?F] ^�8�>H[\6 <2?(S
EH^;>IEH^;] SK^ 5 <2?(8-^\E@Y 9j`�~�>IE�M�? 5 :(>IE m ≤ n − 1 Mh^ 5 ^ 5 ] ?(8;6#?(] bd?(p2p n − 1 :(]�9\^;<n^ �E@p!^;<%A� ?(] bd?�G T <!Vc2`-zFT {\9\^;]rT 8-^ 5 N�] D!^\E@{2M�D2N�8�=X^ 5 iJL?�VT `�T E@?(>H[�zFT {4cEH[;< ^ D(vi) = δ(1, vi)
:�G	^ 5Q3 W!^ 6#728�8�9�:(<-=j^ 5 N2V2^ 9�? 5 ?FE@mU] ?(8�>@~\9*ToV?(p2p �E}cE@N�]oGI{U?(] ?(SU:(>@?QS cEH^\E�M!^;SUT pfm�]
^�V{VT `fM*D2N�8�=K^ 5 ?(] b�[;>H[�G 9;:(8�:(<w9;^;] {�p!^;<wSU?(8�`\^;W2bdc2`K^t] ?(8�>@~\9*ToV?(p2pwcEH^;`\^\E�A v ^ ?(8�=
W�N�<-E�<2?(S ?(] :(>@D2?FE@m!Mh^;`*`�N�> ^�V{VT `fMfD2N�8�=x^�9*ToG@G 5 ^�^�VN;EIE}:(>IE@:(`x9\^;] {�p!^;< ∞ ] ?�G 5 A 3
<2?(8-^\E@Y 9Q`;~�>@~�`�?FE��28�=tToGISU?(>@D2? ELbL72`Q6#?(]�M�D2N�8�=�SU:(8�?(8�=G 5 ?(> n JL?�VT `t^;] `;^;] N�SUSK^;]-ToG�9�:(8;J
>@?(D!^\bLE�bdc2`x^K`*72]oGImKT EH?F>H[�zFT {;EaA 3 SU?(<2<-=T p�?(<l<2?(S 9\[;] E@N 5 <!^;`j^ 5 :(>IE@:(`;?(`fMf^;`*`;N�>	<2?(S
] ?(D2?FE	<2?(8-^\E@Y 9w`;~�>�MD2ToG 5 ?(p2pf?(<q^ 5 ?�GI? EHp�?(<x^;`\[;>@D![;<-=G 5 N�> 9;:(8�>@?(D!^;bLE�bdc2`�^ 5 T E@?(>H[�zFT {;E

)2�



E@Na9;[;p2p2>H^wGI?(S 9\[;] E@N 5 <!^;`fMf^;SUTR?(] ] ?(<�E@SUN�<!V4^;<<!^;`fMfD2N�8�=x^w<2?(8-^\E@Y 9q`�~�> SUTo^\EIE E@?FEIJ
G 5 m�] ?(8�?�GI?(<q`*Toz(GIT `j] ?(D2?FE@<2?(`q?(8�=;?�G�EH[�9�N�]oG@[;8�N�`�A 3 SU?(<2<-=*T pf?F<n9\[;] E@N 5 <!^;`fM�^;`*`�N�>�`�?(] ]
<2?(8-^\E@Y 9w`�~�>@<2?(`K] ?(<2<2T ?�M2D2ToG 5 ?(<x^ 6#?(<�E@T ?(`*pf?(<qpf?(]o[\EIE@c2`fM2D2N�8�=wD!^ <2T <!z(G�<2?(8-^\E@Y 9w`�~�>�M
^;`*`;N�> n − 1 ] :(W�:�G}cEH[;<%M�SUT <!V?(< D :(>IE@:(`q^K] ?(8�>@~\9*ToV?(p2p �E D2N-G@G 5 [\E}^�V\b�^KSU?(8!M�:�G
? 5 <2?(SPz(GI~�`*`�?(<2D2?FE E@N\9;[;pp2ThT E@?(>H[�z To{�`wGIN�>H[;<%A

�*u��_�h�}.�'*)�021�0�}3	5 ?(]oGImQT E@?(>H[�zFT {�cEH[;<K^ 5 :(] ?(`�?FE�`*T T <!Vc2]o[�GIT2WfN�<�E GIN�>HG 5 [;SK^ ^ 5 N�<
p�?(] 72]%9�:(8�W�N�<-E�GIN�>HG 5 [;SK^ G 5 ?(>@T <�E@T%<2~a9�?(`*9�mUGIN�>@>@?(<!Vp�?(<�9�?�G@G 5 72` �

D(1) = 0 M Apa(1) = 0 M D(2) = 3 Apa(2) = 4 M D(3) = 9 M Apa(3) = 5 M
D(4) = 6 M Apa(4) = 1 M D(5) = 8 M Apa(5) = 1 A3 SK[�GIN2VT `KT E@?(>H[�zFT { cEH[;< �

D(1) = 0 M Apa(1) = 0 M D(2) = 3 Apa(2) = 4 M D(3) = 7 M Apa(3) = 2 M
D(4) = 6 M Apa(4) = 1 M D(5) = 5 M Apa(5) = 23 `;~\9�?FE@`;? 5 m T E@?(>H[�zFT { �;bd>H^ ? 5 En^ 5 ?(>@?�VSU:(<*=-El^�V\b�^ `�~\9;?FE@`�? 5 :�GI`�:(W2W ^ E@~�p2p2T
ToG(MQY 8�=i^ 5 ?(] b�[;>H[�Gq9;:(8�?FEl:(>IE�A 3 ] ?(8�>@~\9*ToV?(p2picEH^;` :�G �E@D2N-G@G 5 ^;` � s(1, 4, 2) =
3, s(1, 4, 2, 3) = 7 M s(1, 4) = 6 M s(1, 5) = 8 A

�*u����%� .�'*)�021�0�t3	5 ?(] b�[;>H[�Gr9�:(8�>@?(D!^\bLEH[�G@[;p!^\<jSU?(8�D2N 5 ^;<!V{KV~�<�E@:�GI?(`j^;]o^;W2b�[;<q^
`;~\9�?FE@`;? 5 m 3 ?�GI?FE@?FE�`�?(] ]hSU?(8�`*72] ~�<*p�~ 5 E@?FE@<*72<2`fA
• v ^ A ≥ 1 M%^;`*`�N�> ^ 5 ?(]oGIm�T E@?(>H[�z To{wcEH[;< D(1) = 0 M D(2) = 2 M D(3) = 3 :�G
? 5 ?(` ^ 5 :(>IE@:(`�?(` ^ `�~a9�?FE@`�? 5 m T E@?(>H[�zFT {�p!^;< GI?(SC9\[;] E@N 5 <!^;`fA � ~a9�?FE@`�? 5 :�GI`�:FW2WU^ 5
^;] 8�N�>@T E@S c!G SU?(8-^�V\b�^U^ ] ?(8�>@~\9*ToV?(p2p�cEH^\E�M2Y 8�=�^ 8�>H[\6#p!^;<�<2T <!z(G�<2?(8-^\E@Y 9w`;~�>�A

• v ^ −1 ≤ A < 1 MQ^;`*`�N�>x^ 5 ?(]oGIm T E@?(>H[�zFT {ycEH[;< D(1) = 0 M D(2) = 2 M
D(3) = 2 + A :�G�? 5 ?F`n^ 5 :F>IEH:F`�?(`l^�`;~\9�?FE@`�? 5 m�T E@?(>H[�zFT {�p!^;<nGI?(S 9\[;] E@N 5 <!^;`fA� ~\9;?FE@`�? 5 :�GI`�:(W2Wx^ 5 ^;] 8�N�>@T EHStc!G	SU?(8-^�V\b�^w^K] ?(8�>@~\9*ToV?(p2pxc*E ^\E�M�Y 8�=x^K8�>H[\6#p!^;<
<2T <!z(G�<2?(8-^\E@Y 9w`;~�>�A

• v ^ A < −1 M�^;`*`;N�>	^ 5 ?(]oGImKT E@?(>H[�zFT {UcEH[;< D(1) = 0 M D(2) = 3 + A M D(3) =
2 + A A 3 SK[�GIN2VT ` T E@?(>H[�zFT {�cEH[;< D(1) = 0 M D(2) = 4 + 2A M D(3) =
3 + 2A M�D!^;>@SK^�VT `nT E@?(>H[�zFT {qcEH[;< D(1) = 0 M D(2) = 5 + 3A M D(3) = 4 +
3A A � ~a9�?FE@`�? 5 :�GI`;:(W2W|^ 5 ^;] 8�N�>@T E@S c!G�<2?(S EH^;]o[;] EH^qSU?(8 n − 1 T E@?(>H[�zFT {�p!^;<|^
] ?(8�>@~\9*ToV?(p2p�cEH^;`;^\E�M2^ 5 ^ 5 9;^;<j<2?(8-^\E@Y 9K`�~�>�A

�*u����h� .�'*)�021�0�43 `�~\9;?FE@`�? 5 m U [i, j] SK[\E@>@T �N�`\^\E�`;^;Wbdc2`fA 3	5 ?(]oGIm :(>IE@:(`�^
EH[�9�N�]oG@[;8U^ SK[�GINVT `�^ 5Q3 W!^2A

U0 =











(0, 0) (2, 1) (∞, 0) (1, 1) (5, 1)
(2, 2) (0, 0) (3, 2) (4, 2) (∞, 0)
(2, 3) (∞, 0) (0, 0) (3, 3) (1, 3)
(∞, 0) (1, 4) (4, 4) (0, 0) (2, 4)
(1, 5) (∞, 0) (1, 5) (4, 5) (0, 0)











U1 =











(0, 0) (2, 1) (∞, 0) (1, 1) (5, 1)
(2, 2) (0, 0) (3, 2) (3, 1) (7, 1)
(2, 3) (4, 1) (0, 0) (3, 3) (1, 3)
(∞, 0) (1, 4) (4, 4) (0, 0) (2, 4)
(1, 5) (3, 1) (1, 5) (2, 5) (0, 0)











) �



U2 =











(0, 0) (2, 1) (5, 2) (1, 1) (5, 1)
(2, 2) (0, 0) (3, 2) (3, 1) (7, 1)
(2, 3) (4, 1) (0, 0) (3, 3) (1, 3)
(3, 2) (1, 4) (4, 4) (0, 0) (2, 4)
(1, 5) (3, 1) (1, 5) (2, 5) (0, 0)











U3 =











(0, 0) (2, 1) (5, 2) (1, 1) (5, 1)
(2, 2) (0, 0) (3, 2) (3, 1) (4, 3)
(2, 3) (4, 1) (0, 0) (3, 3) (1, 3)
(3, 2) (1, 4) (4, 4) (0, 0) (2, 4)
(1, 5) (3, 1) (1, 5) (2, 5) (0, 0)











U4 =











(0, 0) (2, 1) (5, 2) (1, 1) (3, 4)
(2, 2) (0, 0) (3, 2) (3, 1) (4, 3)
(2, 3) (4, 1) (0, 0) (3, 3) (1, 3)
(3, 2) (1, 4) (4, 4) (0, 0) (2, 4)
(1, 5) (3, 1) (1, 5) (2, 5) (0, 0)











U5 =











(0, 0) (2, 1) (5, 2) (1, 1) (3, 4)
(2, 2) (0, 0) (3, 2) (3, 1) (4, 3)
(2, 3) (4, 1) (0, 0) (3, 3) (1, 3)
(3, 2) (1, 4) (3, 5) (0, 0) (2, 4)
(1, 5) (3, 1) (1, 5) (2, 5) (0, 0)











3	5 cE@N�]oGI{	SK[\E@>@T �p!^;<QG 5 ?(>@?(W2] m�W![;>@N�`}?(]oGIm	:(>IE@:(`�?(T-^�V\b�[;`}SU?(8}^	] ?(8�>@~a9*ToV?(p2p�cEH^;`
D2N-G@G 5 ^;T E�A 3 SK[�GINVT `n:(>IE@:(`�?(`lSU?(8-^�V\b�[;`fM�D2N�8�=n?(8�=n] ?(8�>@~a9*ToV?(p2p �E@p!^;<�SU?(] =*T `4^
SU?(8�?(] m 5 m�W�N�<-E�A & 8�= ] ?(N�] 9;^�GID!^\E@{�^ 5 ?(8�:�G 5 �E�A ��:(]oV2[;c2]f^�] ?(8�>@~\9*ToV?(p2p 2, 5 �E D2N-G@G 5 ^
4 A 3 SU?(8�?(] m 5 mjW�N�<-E 3 A 3 ] ?(8�>@~\9*ToV?(p2p 2, 3 �EQD2N-G@G 5 ^ 3 M�T EIE ^�SU?(8�?(] m 5 mjW�N�<-E 2 M
E@?(D![\E	^U] ?(8�>@~a9*ToV?(p2p �E 2, 3, 5 A

�*u����%��.�'*)�021�0�t3 6#?(] D!^�G 5 <![;] E Ti SK[\E@>@T �N�`�
 T0 ^ 5 ?(>@?�V?FE@T ���

T1 =











1 1 0 1 0
1 1 0 1 0
0 1 1 0 1
0 1 1 1 1
0 0 0 0 1











T2 =











1 1 0 1 0
1 1 0 1 0
1 1 1 1 1
1 1 1 1 1
0 0 0 0 1











T3 =











1 1 0 1 0
1 1 0 1 0
1 1 1 1 1
1 1 1 1 1
0 0 0 0 1











) �



T4 =











1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
0 0 0 0 1











T5 =











1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
0 0 0 0 1











�*u����%�	.�'*)�021�0� 3 VN�p�N 5 N�`;^\Ef6#?(] ?(] E@?�G@GI72` SU?(8	^�8�>H[\6-WfN�<�E�b�^;T <!^;`fA 3	5 X W�N�<-E@p�{�]
9;? 5 ?�G@GI?(< Y JLp!^	:(]�M;D!^ Y p�?(] ?F6#:(> X JLp�?�A�k�`*`�N�>�6#?(]o^�V2^\E@c2<2`Q^ 5 M\D2N�8�=�?(p2p�?(<U^	8�>H[\6#p!^;<
`;?(>@?�G@GI72`wSU?(8K^ ] ?(8�D2N-G@G 5 ^;p2p�cEH^\E�A

�*u������%� .�'*)�021�0� ��?(8�=*72<2`X?(8�=�8�>H[\6#N;E�M ^;SU?(] =*<2?(`�WfN�<�E�b�^;T}^n9;[;] ]o^;] `�N 5 {l:�GK^
`;~ 5 E@ToG 5 E@9*ToGI?(] m�`hA 3 9\[;] ]_^;] `;N 5 {�p�{�]f:F]%SU?(8�=�^ 5 N�`*p!^ ^ E@ToG 5 E@9*ToGI?(] m�`*p�?�M2^;`*T `�?FE�`;~ 5 9�?FEIJ
] ?(<-72]rSU?(8�9�?�G 5 E@?(8�?FE@D2?FE�MRE@N\9\[;p2p![lSUT <!V?(<XE@ToG 5 E@9*ToGI?(] m�p�m�] :(]rSU?(8�=�^ 5 N�`*p!^l^xE@ToG 5 EIJ
9*ToGI?(] m�`*p�?�Mf^;`*T `q?(] 6#N�8-^�V\b�[;`q^ 5 ^;b�[;<2] {�] ?(9;?(] :FE�A 3 8�>H[\6#p!^;<l^�z(G �!z(GIN�`*<!^;`j9\^;<nG �2] =-^2M
^w9\[;] ]o^;] `�N 5 {*: 0 Mh^wE@ToG 5 E@9*ToGI?(] m�`;: ^wSU?(8�9�?�G 5 E@?(8�?FE@:�G	~-G@G 5 ?(8�?�A 3 zF:(]R^w9;[;] ]o^;] `;N 5 {�p�{�]
^wSUT <2ToG 5 E@?(>@?(] <2~�`*pf? ?(8�=q] ?(8�>@~\9*ToV?(p2p �E�SU?(8�`�?(>@?�GI:�GI?�Mf^;D2N�]R^ 5 �E�D2N-G@G 5 ^�^�p�?(<2<2?
] ?(9;mxz(G �!z(GIN�`nG �2] =-^;T <!^;`x~-G@G 5 ?(8�?�AUk 5 SU?(8�N�]oVD!^\E@{q^j] ?(8�>@~\9*ToV?(p2p �E ^;] 8�N�>@T E@Stc!GIN�`
SU{VN-GIY EH[�G@[a9\^\]�ToG(MRV?w9*ToG@G 5 ^a9;? 5 ?FE@D2?FE�bd72`n`*]o^�G@G 5 T `*c!G�] ?(8�>@~\9*ToV?(p2p �E W2>@N�p2] :(SK[;>H^j^
6#?(]o^�V2^\E@N;EQ^w`�~\9�? EH`;? 5 m�`�:(W2W�?(<%At�xT <!V?(<4z(G �!z(GIN;E�D2?(] =�?FEIE@?�GIY EHGI72<2`x?(8�=x:(] ] ?(]�M%^;SU?(] =-J
<2?(`xG �2] =-^�^�z(G �!z(G G �2] =-^2A 3	5 :(]R`�? 5 Vm�W�N�<-E�b�[;p!^KSU?(<2<2?(`l^ 5 N�`x^ 5 :(] ?(`fMh^;SU?(] =�?(`q^
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1, 2, 3, 5, 6, 8, 7, 9 M
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:�G 3 ≥ i M 7 > j M2Y 8�= i = 1 M j = 7 A 3 D!^;>@SK^�VT `wW![;>@p�{�] 8 ^U`*ToGI?(p2pq:�G 8 ≥ i M 9 > j M
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`*ToGI?(p2p%M�SUT <-E 5−1 ? 5 :(>IE�^ 5 �;bf6#?(]o^�V2^\E�^ 5 M�D2N�8�=}SU?(8;EH^;]o[;] bdc2` ^ Hj E@~�S p 5−3−1 = 1 J
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6 ^ `�?(>@?�GI?FEIE�?(] ?(SqA
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